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Abstract. This paper studies the relationship between minimal dynamical systems on the prod- 
uct of the Cantor set (X) and torus (T^) and their corresponding crossed product C*-algebras. 

For the case when the cocycles are rotations, we studied the structure of the crossed product 
C*-algebra A by looking at a large subalgebra Ax- It is proved that, as long as the cocycles are 
rotations, the tracial rank of the crossed product C*-algcbra is always no more than one, which 
then indicates that it falls into the category of classifiable C*-algebras. 

If a certain rigidity condition is satisfied, it is shown that the crossed product C*-algebra has 
tracial rank zero. Under this assumption, it is proved that for two such dynamical systems, if A 
and B are the corresponding crossed product C* -algebras, and we have an isomorphism between 
Ki(A) and Ki(B) which maps Ki{C{X X T^)) to Ki{C{X x T^)), then these two dynamical 
systems are approximately X-conjugate. The proof also indicates that C*-strongly flip conjugacy 
implies approximate X-conjugacy in this case. 



0. Introduction and Notation 

In this section, an introduction of the background is given, and the notations used in this paper 
are also introduced. 

Let X be a compact infinite metric space, and let a € Ilomeo(X) be a minimal homeomorphism 
of X. We can construct the crossed product C*-algebra from the minimal dynamical system {X, a), 
denoted by C*(Z,X,a). 

One interesting question is how properties of the dynamical system {X, a) determine properties 
of the crossed product C*-algebra, and how properties of the crossed product C*-algebras shed 
some light on properties of the dynamical system (X, a). 

For minimal Cantor dynamical systems, Giodano, Putnam and Skau found (in (GPSj) that for two 
minimal Cantor dynamical systems, the corresponding crossed product C*-algcbras are isomorphic 
if and only if the minimal Cantor dynamical systems are strongly orbit equivalent. 

Lin and Matui studied this problem when the base space is the product of the Cantor set and 
the circle (see |LM1| . |LM2| ). and they discovered that in the rigid cases (see Definition 3.1 of 
jLMlj ). for two crossed product C*-algebras to be isomorphic, the dynamical systems must be 
approximately K-conjugate (a "strengthened" version of weak approximate conjugacy, in the sense 
that it is compatible with the K-data). 

We studied minimal dynamical systems on the product of the Cantor set and the torus. For the 
case that the cocycles take values in the rotation group, similar results are found for the relationship 
between C*-algcbra isomorphisms and approximate K-conjugacy between two dynamical systems. 
It is also shown that the tracial rank of the crossed product C*-algebra is no more than one. 

1 



2 



WEI SUN SCHOOL OF MATHEMATICAL SCIENCES UNIVERSITY OF NOTTINGHAM 



For the case that the cocycles are Furstenberg transformations, a necessary condition for weak 
approximate conjugacy between two minimal dynamical systems (via conjugacy maps whose cocy- 
cles are Furstenberg transformations) is given. 

In section [U structure of the subaglebra is studied. In section [2j we studied the crossed 
product C*-algebra and concluded that its tracial rank is always no more than one. In section [3j a 
concrete example of minimal dynamical system of the type {X x T x T, a x Rj x R^) whose crossed 
product C*-algcbra has tracial rank one is given. In section|4l we give an if and only if condition for 
when two such rigid (as defined in Definition 12. 20p minimal dynamical systems are approximately 
if- conjugate. 



Some notations used in this paper are listed below. 

Let (X, a) be a minimal dynamical system, by a-invariant probability measure ^, we mean 
such a probability measure fi on X satisfying /i(-D) = fi{a{D)) for every //-measurable subset 
D. Following the Markov-Kakutani fixed point Theorem, it is shown that the set of a-invariant 
probability measures is not empty (see Lemma 1.9.18 and Theorem 1.9.19 of |Lin2j for details). 

Let // be a measure on X. For / G C{X), we use /i(/) to denote f{x) dfj,. 

For a minimal dynamical system {X,a) we use C*(Z,X, a) to denote C{X) Xq. Z, the crossed 
product C*-algebra of the dynamical system {X, a). 

In a topological space X, we say a subset D is clopcn, if D is both closed and open. 

In section [T] to m unless otherwise specified, X denotes the Cantor set, T denotes the circle, and 

denotes the two-dimensional torus. 

For a compact Hausdorff space Y, Homeo(F) is used to denote the set of all the homcomorphisms 

of y. 

As the Cantor set X is totally disconnected, we can write a homeomorphism oi X x T'^ a.s a x tp 
(the skew product form), with a E Ilomco(X) and ip: X ^ Homeo(T^) being continuous, and 

ax ip: X xj'^ ^ X xT'^ defined by {x,ti,t2) {a{x), ip{x){ti,t2)). 

For the case that the cocycles take values in rotation groups, we can further express a x ip as 
(X X T X T, a X Rj X R,,), with ^, 77 : X ^ T continuous, and 

a X R^ X R^: X X ^ X X defined by {x,ti,t2) {'pix),ti + £,{x),t2 + r]{x)). 

We use A to denote the corresponding crossed product C*-algebra. For x E X, the subalgebra 
Ax is defined as below. 

Definition 0.1. For a minimal dynamical system {X x T x T, a x R^ x R^), A^ is defined to be the 
subalgebra of the crossed product C*-algebra generated by C{X x T x T) and u-Cq{{X\{x}) x T x T), 
with u being the implementing unitary in A satisfying u* fu = f o [ a X R^ X Rt^) 

Remark: The idea to define such a sub-algebra in the crossed product can be traced to Putnam's 
work (see [Putnam] ). From the definition, if Z? is a clopen subset of the Cantor set X, and l^xT^ 
is the characteristic function of 13 x T^. then mI^jxt^^* = Idxt^ o (a x R^ x R,,j) ~ 1q-i(d)xt2- 

Let {Vn : n G N} be as in the Bratteli-Vershik model of the minimal Cantor dynamical system 
(X, a) (see [HPSl Theorem 4.2]), and let r„ be the roof of Vn (denoted as R{Vn))- Then will 
be a decreasing sequence of clopen sets such that flJ^i ~ {^'}- Use An to denote the subalgebra 
generated by C{X x T x T) and m • Co((X\y„) x T x T). 
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In a C*-algebra A, for a, 6 G ^, a ~e 6 just means \\a — b\\ < e. By a ~ei b c, we mean 
l|a — 6|| < El and ||6 — c|| < £2- It is clear that a b c implies a w^j+g^ c. 
In a C*-algebra A, [a, b] (the commutator) is defined to be ab — ba. 

For a C*-algebra A we use T{A) to denote the convex set of all the tracial states on A, and 
AS{T{A)) to denote all the afltine linear functions from T{A) to M. 

In a C*-algebra A, for a € A^, we use Her(a) to denote the smallest hereditary subaglebra that 
contains a. 

For a C*-algebra A, we use TR(^) to denote the tracial rank of A (see |Lin4[ Definition 3.6.2]). 
We use RR(^) to denote the real rank of A ( |Lin41 Definition 3.1.6]) and tsr(^) to denote the stable 
rank of A ([LEI Definition 3.1.1]). 

Definition 0.2. Let A be a C*-algebra. Let p he a projection of A and let a G A+. We say that 
p ^ a if p is Murray-von Neumann equivalent to a projection q G Her(a). 

Let A be a C*-algebra. We use U{A) to denote the group of all the unitary elements in A. We use 
CU{A) to denote the norm closure of the group generated by the commutators of U{A). In other 
words, CU{A) is the norm closure of the group generated by elements in {uvu*v* : u,v £ U{AY\. 
One can check that CU{A) is a normal subgroup of U{A) and U{A)/CU{A) is an abelian group. 

Definition 0.3. Let ip : A — > B be a C*-algebra homomorphism. We define 

V3» : U{A)/CU{A) — ^ U{B)/CU{B) 
to be the map induced by which maps [u] G U{A)/CU{A) to [ip{u)\ G U{B)/CU{B). 



1. The sub algebra 

In this section, we study properties of a "large" subalgebra of A, namely A^- The idea of the 
construction of A^ was first given by Putnam, but the construction here is a bit different from that 
in the sense that we are removing one fiber {a:} x T x T instead of one point. In other words, we 
define Ax to be the subalgebra generated by C{X x T x T) and u ■ Cq{{X\{x}) x T x T), with u 
being the implementing unitary in A (as defined in Section [0]). 

The following lemma gives the basic structure of Ax, which is used to study the structure of A. 

Lemma 1.1. // {X x T x T, a x x R^) is minimal, then for any x ^ X there are fci, ^2, • ■ • G N 

and G N /or n G N such that Ax = lii^0 Md, „(C(T^)). 

n s=l 

Proof. As a X R^ X R,^ is minimal, it follows that {X, a) is also minimal. For x € X, \ct V = 
{X{n, u, fc) : V G K, = 1, 2, . . . , hn{v)} be as in the Brattcli-Vershik model f jHPSi Theorem 4.2]) 
for (X, a). Let R{Vn) be the roof set of P„, defined by R{Vn) = U^ev X{n,v,hn{v)). We can 
assume that the roof sets satisfy 

fl R{Vn) = {X}. 
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Let An be the subalgebra of the crossed product C*-algebra A such that An is generated by 
C{X X T X T) and u ■ Co{{X\R{'Pn)) x T x T), with u being the implementing unitary element 
satisfying ufu* = / o (a x x R^) for all / e C{X x T x T). Then it is clear that Ai C A2 C ■ ■ ■ . 
As we can approximate / £ Co((J'(r\{a;}) x T x T) with 

/„ e Co((x\i?(nO) X T X T) = c((x\i?(nO) x t x t), 

we have lix^(y4„, 0„) = A^ with </>„ : An — > An+i being the canonical embedding. 
For C{X\R{rn) X T X T), it is clear that we have 

C((X\i?(nO) X T X T) 9^ C(X(n,«,fc) xT2). 

t'GVn l<k<h„{v)~l 

We will show that An = ©„gy„ A4„(„)(C(X(7i, v, 1)) ® C{T^)). 
Let elj = lx{n,v,i) ■ u'-^. Then e^^ • e^,'j, = if w 7^ v' . Note that 



2,J ^/C,S 

= ^X{n,v,i) • ljf(n,i;,fc+i-j) ' 

In other words, {e^j },^^^]^ is a system of matrix units. 
As An is generated by 

{elj (E) C {X{n,v,0) (E) C{T^)) : w G K,l < i,J < h{v)}, 

it follows that 

An - il4„(„) 1)) ® C(T2)) . 

Let i3„ = ®vev ® C(T^)). Then it is clear that i3„ can be regarded as a subalgebra 

of An. 

As for the canonical embedding (/)„.„+i : An — > ^n+i, consider 

ae A„= A4„(„)(C(X(n,«,l))®C(T2)) 

such that a = if (Eg)- u"~^ e e^.^- ® C(X(n, v, 1) ® C(T2)), with / e C(X(n, w, i)) = C(X(n, v, 1)) 
and g € C(T2). 

Note that the Kakutani-Rokhlin partition of An+i is finer than that of An- Wc can write 
/- /-.fc with UkeC{X{n + l,Vs,k)). 

X{n+l,Vs,k)CX(n,v,i) 



It follows that 



Then we have 



'/>«,n+l(/«'ff) = ^ 

X(n+l,Ds,fc)CX(n,i;,i) 



yX(n+l,t;s,fc)CX(n,t;,i) 
X{n+l,Vs,k)CX{n,v,i) 
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with J2x{n+i.v,,k)GX{7i.v,i) ® 9) ■u' ^ being an element in ^„+i. It is then clear that 
4>n,n+i{Bn) C i?n+i if wc regard Bn as a subalgebra of An and Bn+i as a subalgebra of An+i- 

Just abuse notation and use (pn.n+i to denote the canonical embedding from _B„ to i?„+i. Then 
we have the following commutative diagram: 



Bn 9- Bn+l ^ Bn+2 



3n 



Jn+1 



Jn+2 



A. 



n+2 



For every a G Ax = lir^(A„, 0„.„+i) and every e > 0, there exists a„ G j4„ such that \\a — a„|| < 
e/2 if we identity a„ with (j>n,oo{0'n) G Without loss of generality, we can assume that 

L h„(v) 
0-n = i,fk,v,i,j 'S^ 9k,v,i,j) ' ^ , 

with G C(X(n,t-,0)) and 3^^,,,,^ G ^(T^). 

Let M = maxfe_„^ij {||gfc^-„^ij II}. For all k,v,i, j as above, we can find 6 > such that for x,y X , 
if dist(a;,2/) < (5, then 

\\fk,v.i,j{x) - fk.v,t.jiy)\\ < 



2-M -L-lVnl-hniv)^- 

According to the Bratteli-Vershik model, ClneN ^O^n) ~ {x}- We may further require that for 
all n G N, every block X{n, v, k) in Vn satisfies diam(X(n, u, k)) < 1/n. Then we can choose N E N 
such that diam(i?(7^jv)) < S. Without loss of generality, we can assume that N > n. 

In Vn, for every X{N,v,k), choose WN,v,k € X{N,v,k). For k = v G Vn, i,j = 

1, . . . , /i„(w), define 

fk,v,i,j = ^ fk,v,i,j{wN,v',k') ■ ix{N,v',k')- 

X{N,v',k')(lX{n,v,k) 



According to our choice of N, it is clear that \\fk,v,i,j - /fc,i;,j,il| < 2-m-l-|v^|-/i„(i))^ 
For the a„ given above, define G by 

a^ = ^^ ^ {jk,v,i,]®gk,v,i,i^-e\y 
k=i vev„ 



As 



it follows that ||a„ — a„|| < e/2. 
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As fk,v,i,j is constant on X{N,v', k'), it follows that (/)„,jv(a?i) <= Bpf. It is clear that 

\\4'n,Ni<hi) - a\\ < \\(t)n,N{a^) - AnH + ||a - Onll 

= 11^^ - flnll + \\a - a„|| 
< e/2 + e/2 

= £. 

Note that a £ and e > are arbitrary. It follows that IJ„gf^ 0n,oo(-B„) is dense in A^^. In 
other words, we have lim(i?„, (j)n,n+i) — A^- As i?„ = 0^gy^ M/j^(^)(C(X) C(T^)), we conclude that 

n 

A, ^lii^0Md,_„(C(T2)). □ 

Lemma 1.2. Let fee defined as above. If a x x R,, is minimal, then is simple. 

Proof. This proof is essentially the same as that of Proposition 3.3 (5) in |LM1| . It works like this: 
Note that X x T x T is compact and a x x is minimal. It is clear that the positive orbit 
(under a x R^ x R^) of (cc, ^1,^2) is dense in X x T x T. 

The C*-algebra A corresponds to the groupoid C*-algebra associated with the equivalence rela- 
tion 

n = {((.T,<i,<2), (a X R^ X R^)*^(x,ti,t2)): {x,h,t2) eXxTxT}, 
and the C*-subalgebra A^ corresponds to the groupoid C*-algebra associated with the equivalence 
relation 

n^=n\{{axR^x R,^)''{x,h,t2)),{a x Rj x R„)'(a;, ti, t2)) : 
(ti, ^2) e T X T, fc > 0, / < or fc < 0, 1>Q}. 
As the positive orbit of any {x,ti,t2) is dense in X x T x T, it follows that each equivalence 
class of Tlx is dense in X x T x T. According to [Renault! Proposition 4.6], this is equivalent to the 
simplicity oi A^. □ 

Now wc study the X-theory of A^ using its direct limit structure. 

Lemma 1.3. The group Kq{C{T'^)) is order isomorphic to with the unit element identified 
with (1,0) and the positive cone D being {{m,n): m > 0} U {(0,0)}, and the group Ki{C(T'^)) is 
isomorphic to . 

Proof It follows from the Kiinneth Theorem that Ko{C{T^)) ^ and Ki{C(T^)) ^ Z^. 

From algebraic topology, we know that the complex vector bundles on is generated by the Im 
and the Bott element, with being the m-dimensional trivial bundle, and the rank is determined 
by the rank of the trivial bundle, this will give the positive cone of Kq{C{T'^)) as {(to, n) : (m, n) G 
Z2,TO>0}U{(0,0)}. □ 



Lemma 1.4. There is an isomorphism l: Ko{C{X x T^)) — > C{X,'I?) which sends [1] to the 
constant function with value (1,0). Furthermore, i maps Kq{C{X x T^))_|_ onto C{X,D), with D 
as defined in Lemma \1.3l 

Moreover, for a clopen set U of X and a projection rj e i\/fc(C(T^)) such that [77] G A'o(C(T^)) 
corresponds to (a, b) as in Lemma \l.3l t([diag(l(7, . . . , lu) ■ ?7]) = (1(7 ■ o,,lij ■ b). 
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Proof. For D as in Lemma 11.31 define 

ip: C{X,D)^{Ko{C{X xr-))) + 

by 



E 

{m,n)eD 



(l/-i((m,ra)), ■ • ■ ) l/-i((m,n))) ' Vn 



where 77™, n is a projection in Md„^ which is identified with (in,n) as in Lemma 11.31 

If we can show that tp is one-to-one, preserves addition, and maps the constant function witli value 

(1, 0) to [lc(XxT2)], then we can extend to a group isomorphism from C(X, 1?) to Kq{C{X x T^)). 
It is easy to check that (^((1,0)) = [IcCJfxT^)]. From the definition, it follows that preserves 

addition. We just need to show that p is one-to-one. 
Injectivity of if: 

If ip{f) = for some / G C(X, £>), then 



E 

(m,n)eD 



in {Ko{C{X X T2)))+. As 

A'o(C(X X T2)) - A^o(C(ri((m,,i)) xT2)), 

(m,n)e-D 

we get that 

[(l/-i((m,Ti)),---,l/-i((m,n))) ' ?7m,n] = in ATo (C(/"^ ( (m, n)) X T^)) for all (m,7i) € D. 



That is, there exists A: e N such that 

(l/-i((m,n)), • • ■ : 1/- 1 ((m.ji)) ) ' ^7™," fB diag( lc(/-i ((m.n)) xT2) , . • . , lc(/-i xT2) ) 

^ V ' ^ V ' 

is Murray-von Neumann equivalent to diag(lc(/-i((m,„))xT2), ■ • • , lc(/-i((™,n))xT2))- 

" V ' 

k 

Let s e ^_|-fe(/^^((7Ti, n)) X T'^) be the partial isometry corresponding to the Murray-von 
Neumann equivalence above. Choose x G f~^{{m,n)). Then s{x) can be regarded as an clement 
in Mii^ n+ki'^'^) that gives a Murray-von Neumann equivalence between 

Vm,n © diag(lc(T2)), • . ■ , lc(T2)) and diag(lc(T2)), ■ . • , 1c(T2))- 

" V ' ^ V ' 

k k 

It then follows that 'qm.n = 0, which proves injectivity. 
Surjectivity of Lp: 

For every projection p e Mao{C{X x T^)), we can find a partition X = \_\^LiXi such that 
\\p{x) -v{y)\\ < 1 for ah x,y £ X^. Choose Xi e for i = 1, . . . , M, and identify Moo{C{X x T^)) 
with C(X,Moo(C(T2))). Define p' € C{X, M^{C{T^))) by p' \x, = pix,). It is clear that we can 
regard p' as an element in Afoo(C(T^)). 
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Use {ai,bi) to denote the corresponding element in A'o(C(T^)) as identified in Lemma [1.31 and 
let / = Ix, ■ {a,,b,). Then we can check that ip{f) = [p'] in {Ka{C{X x T^)))^. As [p] = [p'], 

we have proved surjectivity of ip. 

As if is unital, one-to-one and preserves addition, we can extend it to an ordered group isomor- 
phism ip: C{X,I?) — > A'o(C(X X T^)). Let i = and we have finished tlie proof. □ 

Lemma 1.5. There is an isomorphism 

7« : ^ {C{X{n, v, 1)) ® ^(T^)) , 

such that for every clopen set U in X , 

7n(lc/xT0 = diag(lx (n,v,h(v))nU ) ■ 

Proof. The proof is essentially the same as that of jPutnaml Lemma 3.1]. It can also be obtained 
as a K-theory version of part of the proof of Lemma 11.11 □ 

Lemma 1.6. There is a group isomorphism 

cj,: C{X{n,v,l),Z') ^C{X,I.') /{f- foa-': f\Y,^ =0} 

such that 

'/'((/l,---,/|y„|)) = X! i^X{n,vS) ■ fv] 

vev„ 

for (/i,...,/|y„|) e C{X{n,v,l),Z^). 

Furthermore, if we define D to be 

{(m, n) G : m > 0} U {(0, 0)}, 

and if we define the positive cone of C(X(n, w, 1), Z^) to be C{X{n,v,l), D) and the 

vev„ vev„ 
positive cone of C{X,I?)/{f - f o : f \y„ = 0} to be C{X,D)/{f - f o : f \y„ = 0}, 
then both (j) and are order preserving. 

Proof For (/i, . . . , g 0^^^^ C {X{n, 1), I?), define 

(/l, • ■ • , /|y„|) = X/ \^X(n,vS) ■ fv]- 

vev„ 

Injectivity of 4>: 
Suppose 

(/i,---,/|y„|)e C{X{n,v,l),Z^) 
and that 0((/i, . . . , /|v„|)) = 0. That is, there exists H e C{X, Z^) with iJ |y„ =0 such that 

v=l 
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It follows that 



As H\y„ = 



'h(v) \ \V^\ \ h(v) 



, fc=l / \v=l I \k=\ 



'h(v) \ h(v) 

E '^X(n,v,k) \ ■ {H O a^^) = I E ^X{n,v.k) ' H 
^k=l J \k=l 

It then follows that 

^h{v) \ /hiv) \ /hiv) 

E '^Xin.v^k) ■ {H - H O a"^) = I E ^X{n,v.k) ' ^ I E ^X{7i,v,k ' H 
,k=l J \k=l J \k=l 

/hiv) \ Hv) 

Use to denote j lx(n,i),fc) • i?. It is clear that Hy is supported on | | X{n, v, k). 

\k=l J k=l 

Now we have = Hy — Hy o . As fy is supported on X(n, v, 1), wo get 

Hy -Hyoa-^ ^0 
on V, fc) for 2 < fc < which implies that for all x E X{n, v, 1), 

H{x) = Hy{a{x)) = --- = Hy (a''('')-i(a;)) . 

As g y„, it follows that i/„(a'*(^)~i (a;)) = 0. Now we can conclude that Hy ^ 0. It is 

then clear that /„ = 0. 

Applying the process to all u = 1, ... , h{v), we get H = 0. It follows that fi = for i = 1, . . . , \Vn\, 
which proves the injectivity of (p. 

Surjectivity of (j>: 

For every g G C{X, 1?\ we need to find 

(/i>---,/|v„|) e C(X(n,7;,l),Z2) 

such that 

(\> ((/i, • ■ • , - g = h - h o 

for some G ^(X, Z'^) satisfying h \y„ = 0. 
Write g as 

.9 = 1 • .9 = E E ■ 5- 

'uev„ k=i 

For every /c with 2 < k < h{v), consider {lx{n,v.k) ' g) ° ct- It is easy to check that 
(lx(n,«,fc) • s) ° a |y„ =0 and 

lx(n,u,/c) • 5 + ((lj(:(n,i;,fc) ■ g) o a - ilx{n,v,k) ' g) o a o a"^) 
is supported on X{n, v,k — 1). 

By repeating this process, we get s G C(X, Z^) such that lx{n,v,k) ■ g + {s — s o a) is supported 

on lx{n,v,l)- 
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Apply the process for all lx{n,v.k) ' 9 with v <S ¥„ and 1 < fc < h{v). Wc can find H E C(X, 1?) 
such that g + [H — Ho a^^) is supported on a{R{Vn)) = ®vev X{n,v,l). According to the 
definition, if we set /„ = lx(n,D,i) • (.9 + {H — Ho then will map (/i, . . . , f\v„\) to g. 

Positivity of (j): 

As 

(l> {{.hi /|y„|)) = X! '^X{n,v.l) ■ fv, 

for 

(/i'---'/|v„|) e C{X{n,v,l),Z'), 

vev„ 

if the range of each fi is in the positive cone D, it is clear that J2vev ^x{n,v,i) ' fv G C{X,D). 
Thus (j) is order preserving. 
Positivity oi (f>~^: 

For / e C(X, Z?), we will show that if there is 

C{X{n,v,i),D) 

such that 

then /„ € C(X(n, w, 1) for all 1 < w < 

In fact, such an element (/i, . . . , /|y„|) can be constructed from / as in the proof of surjectivity 
of 0. The fact that / G C{X, D) then implies that for all v with 1 < w < the image fk is in 
D, which finishes the proof. □ 

Lemma 1.7. There is an order isomorphism 

Pn : KoiAr.) — > C{X, I?)/{f - f o : / G C{X, Z^), / |y„ = 0} 
with the unit element and positive cone of 

C{X, Z2)/{/ - / o «-i : / e ax, I?), f |y„ = 0} 

being [{Ix, 0)] and 

{[g]€C{X,I?)/{f-foa-^:feC{X,I?)J\Y^ =0}: 
Vx e X, 5(2;) (0, 0) or g{x) ^ (a, b) with a > 0}. 

For a clopen subset U of X and r] e A/fc(C(T^)) swc/i i/iai [77] e _ftro(C'(T^)) corresponds to (a, 5) as 
m Lemma lJ.^l p„([diag(lj/, . . . , lu) ■ 77]) i.s exactly [{Ijj ■ a, lir ■ b)] with Ijj denoting the continuous 

k 

function from X to that is \ on U and otherwise. 
Proof. Consider the isomorphism 

7„ : A„ A4„(,) (C(X{n, v, 1)) (g, ^(T^)) 

as in Lemma [1.51 It is clear that 

(7„),o : /^o(A„) Ko ( A4„(,) i;, 1)) ® C (T^)) | 



is an order isomorphism. 
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We know that 

Ko ( il4„(„)(C(X(n,t;,l))®C(T2)) I - (M„„(,)(C(X(n, z;, 1)) ® ^(T^))) , 



and use 

hn-.Ko I M„„(,)(C(X(n,«,l))®C(T2))] Xo(A4„(„)(C(X(n,«,l))®C(T2))) 

to denote the order isomorphism. 

There are natural order isomorphisms 

In.,: Ko{M,,^(^,){C{X{n,v,l))<E>C{T^))) ^ Ko{C{X{n,v,l))<E)C{T^)). 

By Lemma ll.4| we can find order isomorphisms 

s„,„ : Ko{C{X{n, v, 1)) (g> ^(T^)) C{X{n, v, 1), I?) 

such that each Sn,v maps [lc(x(n.ii,i))®c(T2)] to the constant function with value (1,0). 
Combining and for all v, we get an order isomorphism 

A'o(A4„(,„)(C(X(n,z;,l))®C(T2))) ^ C(X(n, z;, 1), Z^) 

with the positive cone of @^^y^ C{X{n,v,l),I?) being 0^,^^.^ C[X{n,v,l), D) {D as defined 
Lemma [T75)) . Note that if is not unital. 

According to Lemma ll.6[ there is an order isomorphism 

V-: C{X{n,v,l),I?) ^ C{X,Z^)/{f - f o a-^ : f =0}. 

Let 

/9„ =1pOipoh„0 (7n)*0- 

Then p„ is a group isomorphism from KqIAj-i) to 

C{X, 7?)/{f - / o : / e C7(X, Z^), / = 0} 
because V', 'f, hn and (7„ )«o are all group isomorphisms. 
According to Lemma 11.51 

7n(lA„) = diag(lx(n,„,l), ■ • ■ , lx(n,t),/i(t))))- 

fGy„ 

Thus 

(7n)*o([l^,J) = ['^X{n,v,k)] ■ 

veV„ l<k<h{v) 

It is then clear that 

/ln((7n)*o([lA„])) = I ^ [lx(n,i;,fc)] : ■ • ■ : ^ [^X{n,vji{k))] 
\l<fc</i(l) l<k<h{\V„\) 
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Note that [lx{n,v,k)] = ['^x{n,v,i)] in Kn{Mn{X{n,v, 1))). It follows that 

\l<fc</i(l) l<k<h{\V„\) 

vev^ 

According to the definition of cj) as stated in Lemma [TTBl we get 

with /„ e C(X,Z2) satisfying /„ \x(n,v,i) = '^(«) and /„ | a'\a'(«,i,,i) = 0. 
Let 

-f^ = E E lA:(n,i;,fc) • (^(w) - A)- 

■uey„ i<fc</i(D)-i 
Then it is clear that | y„ =0 and 

i7„oa"^=E E lx(ri,t,,fe) • (^(w) - fc + !)• 

v^Vr, 2<k<h(v) 

It is easy to check that 



H- Hoa-^ = E 



E lA(n,t,,fc) • (-1) I + ^X{n,vA) ' (/^(w) " 1) 
,2<k<h{v) 



In C(X, Z^), it is easy to check that {J2vev„ fv) — ^x = H — H o a ^. In other words, we have 

V'(¥'(/in((7n),o([lAj)))) = E = [1^] ' 

which implies that p„ is unital. 

To show that /?„ is order preserving, we just need to show that V', ^, hn and (7n)*o arc all order 
preserving. 

It is clear that /i„ and (7n)^o ^'"'^ order preserving. According to Lemma II. 6[ ip is also order 
preserving. We just need to show that Lp is order preserving. 

Note that tp = ®.„gvw(sn,i; o ln,v)- We just need to show that each s„^„ o /„ „ is order preserving. 
In fact, ln,v is order preserving and Sn,v is an order isomorphism. It follows that Sn,v °ln,v is order 
preserving. Thus Lp is order preserving. 

Now we will show that p„ is order isomorphism. In fact, we just need to show that for every 
(a, h) G {(to, n): to > 0, n G Z} U {0, 0} and every clopen subset U of X, if we regard {lu ■ a,lu ■ b) 
as a function in C(X, Z^) defined by 

, s / (a, 6) if a; e [/ 

and we define 

n: C{X,Z^) ^ C{X,Z^)/{f - f o a-' : f e C{X,Z^), f \y„ =0} 
to be the natural quotient map, then 7r((l[/ • a, 1[/ • fe)) is in the image of pn{KQ{An) +) ■ 
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For a clopen subset U of X and rj e AIk{C{T^ j) such that [77] e A'o(T^) corresponds to the (a, b) 
above (see Lemma fTT3)) . we have 



Pn([diag(lj/, . . . , 1,7) • 77]) = (0 o ^ o h„ o (7„),o)([diag(l(7, ...,1c/)- t]]). 



According to Lemma 11.51 

iK o (7n)*o)([diag(l(7, • • • , 1(7) • ??]) 



(hn O (7,1 ),o) 



[<iia.g{lx{n,v,k)nUi ■■ - i fx{n,v.k)nu) ■ v] 
i>ey„,i<fe</i(i>) ' J 



[ljf(n,i;,fe)nC/ ■ V] 

A<k<h{v) 



veVr^ 



Then 



{tpohno (7«),o)([diag( l[/,.^.,lc/ ) • if\) 

k 

(la"(''-i)(X(n,-u,fc)nC/) ■ lQ-('«-i)(X(n,t),fc)nC/) ' ^) 

^i<fc<;i(«) 

which is an element of C{X{n,v,l),1?). 

According to the definition of </> as in Lemma [1.61 it follows that 

{il;oipo h„ o (7„),o)([diag(l[/, . . . ,lu) ■ v]) = (V')((v o o (7„)*o)([diag(lc/, ...,lu)- v])) 

A: fe 
= ^ ljs:(n,-u,l) ■ /" 



vev„ 



with 



fv 



lQ-(fc-l)(X(n,D,fc)nC/) ■ "1 ^ lQ-('=-i)(X(n,D,fc)n;7) 
^l<fc</i(i;) l<fc<?i(«) 

Note that for aU k with 1 < fc < h{v) — 1, we have lx{n,v.k) \y„ = 0. Also, we can check that 



^X{n,v,k)nU ^ ^X{n,v,k)nU 



o = 1 



X{n,v,k)nU ~ ^a(X{n,v,k)nU) 



It follows that 

[lA-(„,.,fc)nc/] = [la(x(„,.,fc)nc/)] in Z)/{/ - / o : / e Z), / |y„ = 0} 

for fc = l,...,/i(?;). We then get that in C{X,Z)/{f - f o a'^ : f e C{X,Z)J\y„ = 0}, 



y^ la-('=-i)(Ar(n,'!;,fc)nC/) 
l<k<h{v) 



y^ lA(n,'U,fc)n;7 

l<fc<h(t>) 
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It then foUows that 



E {^X{n,v,k)nU ■ ^X{n,v,k)nU ' ^) 



l<A:</t('u) 



= ([lc7]-a, 

in Z2)/{/ _ / o a-1 : / g Z^), / |y„ = 0}. 

We have proved that p„([diag(l[/, . . . , I;/) • 77]) = 7r((l(7 • a, Ijy • 6)). It then fohows that p„ is an 



order isomorphism, which finishes the proof. 



□ 



Corollary 1.8. Let p be a projection in Mao{An). Then there exists p' E Moo{C{X x T^)) C 
Moo{A-n) such that [p] ~ [p'] in K(){A„). 



Proof. According to Lemma 11.71 we have an isomorphism 

p„ : Ko{A^) ^ C{X, I?)/{f - / o : / e C{X, 1?), f |y„ = 0}. 
Let Pn{[p]) = [g] for some g £ C{X, Z^). Without loss of generality, we can assmne that there is a 
partition X as X ^ UiLi -^i such that this partition is finer than Vn and g \xi is constant for 
i^l,...,N. 

As [p] is in {Kq{A„))^ and /?„ is an order isomorphism, it follows that [g] is in the positive cone 
(defined in the statement of Lemma ll.6p . For as g above with Pn{[p]) — [g], we can assume that on 
any given Xi, g is either (0, 0) or (0^, bi) € Z^ with > 0. 

According to Lemma [L3l there exist projections rji e Md(i)(C(T^)) such that [r]i] in A'o(C(T^)) 
can be identified with (a^, bi). 
Let 



p' = diag 



diag(lxi, ■ • ■ , Ia'i) • Vii ■ ■ ■ , diag(lxjv, ■ • ■ , Ixn) ' Vn 



V 



d(l) diN) 

Then it is clear that p' e A'I^{C{X x T^)). 

According to Lemma [1.71 Pni[p']) = [5], so that Pn{[p']) = Pni[p])- As p„ is an isomorphism (by 
Lemma [TT7] again) , it follows that [p] = [p'] in A'o(A„). □ 

Lemma 1.9. Let jn- C{X x T^) — > An be the canonical embedding, and let l and p„ be as in 
Lemma \1.4\ and Lemma \L7\ Let {jn)*o' Ka{C{X x T^)) — > /^□(^n) be the induced map on Kq OLf^d 
let 

TTn-. C{X,I?)^C{X,I?)l{f - foa-^: f E C{X,I?), f \y„ =0} 
be the canonical quotient map. Then the follow diagram commutes: 

Ka{C{X X T2)) ^ C{X, Z2) 

Ko{A.n) C{X, I?)l{f - / o a-i : / e C{X, I?), f h 



0} 
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Proof. As Ko{C{X x Z^)) is generated by its positive cone {Ko{C{X x 2^)))+, we just need to 
show that TTn o L = pn o (j„)*o On {Ko{C{X x Z^)))+. 

For every projection p G Moo{C{X x T^)), according to the proof of surjectivity of (p in Lemma 
II. 4i there exist a partition X = |Ji=i ^^'^ projections r/i G M^. (C(T^)) for i — 1, . . . , A/ such 
that 

M 

[p]=J2[{ ix^,..^.,ix^) -n.]. 

According to Lemma [1.31 rji can be identified with {ai,bi) E D. By Lemma [1.41 we get i{[p]) = 

Efii(l^i • a^,lx, ■ bi). 
By Lemma [T77[ 



M 



Pn((i«)*o(b])) = P«((jn)*o(V[(lx,, • ■ • , Ijf.) ■ 



M 



^[(Ix, ■ a*, l^i ■ a* 



i=i 



It is then clear that (7r„ o = (pn ° (in)*o)([p])- Since p is arbitrary, we have finished the 

proof. □ 

Corollary 1.10. Let p,q be projections in A'Iao(C{X x T^)) C Moo{An) such that i.{[p]) — i.{[q]) = 
h— ho for some h € C(X, Z^) satisfying h = 0, with l as in Lemma \l.^\ Then {in)*o{[v\) = 
(jra)*o([9]) TO K^^An) with jn OS in Lemma \773l 



Proof. This follows directly from Lemma \TM □ 
Lemma 1.11. For A,,, as defined in the beginning of this section, 

KMx) = C{X, I?)/{f ^foa-^:fe C{X, I?)}, 

and 

Ko{A.,)+ = C{X, D)/{f - / o : / e C{X, I?)}, 
with D defined to be {(a, 6) e Z^ : a > 0, 6 e Z} U {(0, 0)}. 

Proof. From Lemma 1 1.71 wc know that 

/f,(A„) - C{X, I?)/{f -foa-^:fe C(X, I?) and / |y„ = 0}. 
As Ax = lin^A„, we get Ki{Ax) ~ lin^A'i(A„). Note that the map 

{:in,n+l)*i'- Ki{An) — > Ki{An+l) 

satisfies {jn,n+i)*i{[f]) = [/] for all / G C{X,1?). We can conclude that 

Ki{Ax) = C{X,Z^)/{f - f oa-^: f e C{X,Z^) and / |y„ = for some n e N}. 
As nj^i = {x}, it follows that 

{/ e C{X, I?) : / |y„ =0 for some n e N} = {/ £ C{X, I?) : f{x) = 0}. 
Then we have 

K,{Ax) - CiX, I?)/{f - / o a-i : / e C{X, I?) and f{x) = 0}. 



16 



WEI SUN SCHOOL OF MATHEMATICAL SCIENCES UNIVERSITY OF NOTTINGHAM 



For every g G C{X, 1?), define go = g — g{x). It is clear that 

go^U gC{X,I?) and /(x) = 0}. 
As go ^ go ° oT^ ^9^9° , we have 

K,{A,) = C{X, Z2)/{/ -foa-^:fe C{X, I?)}. 
Let jn,oo ■ An — >■ Ax be the embedding of A„ into A^. Then 

Ko{Ax)+ = U (j„,oo),o(-?^"o(A„)+)- 

According to Lemma [T77l 

Ko{An)+ = C{X, D)/{f - / o : / e C{X, Z^) and / |y„ = 0}. 

Similarly, using the fact that 

{/ G C{X, I?) : f \y„ = for some n e N} = {/ G C{X, I?) : f{x) = 0}, 

we can conclude that Ko{Ax)+ C{X, D)/{f - f o : f e C{X, I?) and f{x) = 0}. 
As 

{/ - / o : / e C{X, I?) and f{x) = 0} = {f - f o a'' : f e C{X, Z^)}, 
we get Ko{Ax)+ = C{X, D)/{f -foa-^:fe C{X, I?)}. □ 



Corollary 1.12. For A^ as in Definition \0.1l Ki{Ax) is torsion free for i = 0, 1. 

Proof According to Lemma [TTTTl we just need to show that C{X, Z^) / {f - f o a^^ : f e C{X, Z^)} 
is torsion free. A purely algebraic proof is given here. 

Suppose we have g € C{X, 1?') and n € Z \ {0} such that 

\ng\ = in l})l{f - f o a'' : f E C{X, Z^)}. 

If we can show that [g] = 0, then we are done. In other words, we need to find / G C(X, 1?) such 
that g = f — f o . 

As [ng] = 0, there exists F g C{X, Z^) such that ng = F - F o a^^ . If F{x) G nl? for aU x, just 
divide both sides by n. Then we get g (£) - (£) o a"! with f G C{X, Z^). 

Fix xo G X, and define F = F — F{xo). It is clear that F{xq) =0. As F — F o a^^ = ng, we 
can easily check that F — F o cT^ = ng. It then follows that 

F{a{xo)) ~ F{xo) + ng[a.(xo)) = + 7ig(Q;(xo)) G nZ^, 

F(a^(xo)) = F(a(a;o)) + ng{o?{xo)) G nZ^, 

So for every x G Orbitz(a;o), we get F[x) G nZ^. Note that F is continuous on X and Orbitz(a;o) 
is dense in X. It follows directly that F{x) G nZ^ for all x G AT, thus finishing the proof. □ 

Corollary 1.13. For A^ as in DeHnitionUni TR(A^) < 1. 

Proof. From Lemma II. 1[ we know that A^ is a AH algebra with no dimension growth. By Lemma 
11.21 A^ is simple. According to Lemma [1.111 Ki{Ax) is torsion free. 

As Ax is a simple AH algebra with no dimension growth, it follows that TR(v4a;) < 1. □ 
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2. The crossed product C*-algebra A 

This section contains the main theorem fTheorem I2.18|) . which states that the tracial rank of 
the crossed product C*(Z, X x T x T, a x x R,,) has tracial rank no more than one. 

We start by showing that for the natural embedding j : — > A, the induced homomorphisms 
: K.i{Ax) — Ki{A) are injective for i = 0, 1. 

Lemma 2.1. Let A be C*{Z,X x T x T, a x R^ x R^) and let Ax be as in Definition 10. Jl Let 
j : Ax ^ A be the canonical embedding. Then is an injective order homomorphism from Ko{Ax) 
to KoiA). 

Proof. It is clear that will induce an order homomorphism from I^o i^x ) to Kq (A) and o maps 
[UJ to [1a]. 

To show that j.^,Q is injective, we need to show that whenever p,q (z M^(Ax) are projections 
such that j*o(b]) = .7*0 (M) in i^o(^), we have [p] = [q] in Ko{Ax). For projections p,q<E Moo(A^), 
we can find n S N and projections e,/ S Moo{An) such that [e] = [p] and [/] = [q] in Ko{Ax). 
According to Corollary EH we can find e'J' G Moo{C{X x T^)) such that [e'] = [e] and [/'] = [/] 
in KQ{An). We need to show that if j*o{[p]) = j*o ([<?]) in Ko{A), then [p] = [q] in Kq{Ax). In fact, 
if j*o(b] -[?])= 0, we have j*o(N) = j*o{[q]), which implies that j*o([e']) = .?*o ([/']) in KoiA). 

The Pimsner-Voiculescu six-term exact sequence in our situation reads as follows: 

KoiCiX X T2)) ^ KoiCiX X T^)) ^ Ko{A) 



Ki{A)^ — Ki{C{X X T^)) Ki{C{X x T^)) 

As j*o{[p'n]) ~ j*o{Wn])j by the exact sequence above, [p'^] — [g^J is in the image of (id,o — a*o)- 
That is, there exists x in Ko{C{X x T^)) such that [p'^] — [q'^] = .t — a^o{x). Apply l as defined in 
Lemma FOl on both sides. We get 

<K]) " ^iWn]) = ^{^) - ^(«*o(a:)) in C{XX)- 

Note that t(a*o(a;)) = t{x) o a. We get t([pJJ) — i([9^J) = {—i-ix) o a) — {—l{x) o a) o a^^. We can 
choose N G N such that for all k > N, (— o a) restricted to will be a constant function, say 
c E I?. It is clear that 

^{[p'n]) ~ = (-'■(a^) o a - c) - (-t(a;) o a - c) o 

Choose m G N such that m > max(ri, N). Then (— t(a;) o a — c) =0. According to Corollary 
11-101 we have (jm)*o([pU) = Om)*o(K]) with as in LemmafTH 

We have shown that \p'^ — [g^] in ivo(^m). Note that [pJJ = [p„] and [g^J = [(7„] in A'o(v4„) and 
m > n. It follows that [p'^] ~ and [g^] = [qn] in A'o(^,n). We then have that [p„] = [qn] in 

iS:o(^m), so that [pn] = [qn] in i^o(^a;)- 

Note that [p„] = [p] and [qn] = [q] in Ko{Ax). It then follows that [p] = [g] in A'o(Aa;), which 
finishes the proof. □ 

Lemma 2.2. Let A be C*{Z,X x T x T, a x R^ x R^) and let A^ be as in Definition \0.1[ Let 
j: Ax A he the canonical embedding. Then j^i is an injective homomorphism from Ki{Ax) to 

KM)- 
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Proof. The proof is similar to the proof of Lemma 12.11 

For any two unitaries x,y £ such that j*i{[x]) = j*i{[y]) in Ki{A), we need to show that 
[x] = [y]. For x, y as above, we can find n E N and x',y' G Moo(A„) such that [x] = [x'] and 
[y] = [y'] in Ki{A,). 

From Lemma 11.51 we get the structure of An , which then imphes the fact that 

i^i(A„)=C7(X,Z2)/{/-/oa-i: /eC(X,Z2) and/|v„ =0}. 

Similar to the analysis of the Pimsiier-Voiculescu six-term exact sequence as in the proof of Lemma 
12.11 we get [x'] = [y'] in A'i(A,„) for m large enough. It then follows that [x'] = [y'] in Ki{Ax), 
which implies that [x] = [y] in Ki{Ax). □ 

The following result is a known fact, and it is used later to show approximate unitary equivalence. 

Proposition 2.3. Let A be an infinite dimensional simple unital AF algebra and let CU{A) he as 
in SectionlM Then U{A) ^ CU{A). 

Proof. For every unitary u £ A and every e > 0, we will show that dist(w, CU{A)) < e. 

As A is unital and infinite dimensional, we can assume that A ^ lin^ An with each An being a 
finite dimensional C*-algebra and each map j„,n+i ■ An ^ An+i being unital. Write 

fc=i 

with dn-i < d„-2 < • • • < dn:s„- 

Let d'n = mui{dn-si, ■ • ■ j d,n;s„}- As A is simple, we have lim„_^oo d'n ~ oo. 

For u and e as given above, we can choose n large enough such that d'^ > ^ and there exists 
V G U{An) satisfying \\u — v\\ < e/2. Let TTn-k be the canonical projection from An to Md„.^{C). 
It is known that for any w G U{A), we have w G CU{An) if and only if det(7r„:fc(ti;)) = 1 for 
k — 1 , . . . , s„ . Without loss of generality, we can assume that 

7i"„:fc(u„) diag(Afca, ■ • • , Afc,d„:J, with \Xk,d,^J = 1. 

Choose Lk such that — tt < < tt and det(7r„.j,(w„)) = e'^''. For fc = 1, . . . , s„, define 

= diag(Afe4 • e-'■^/'^-^ . . . , Afc,d„^, • e""^/''-"). 

Let v' = diag(?;5^, . . . ). It is then clear that ||w„ — < Tr/dJ^. It is easy to check that 
det(7r„;sj. (u')) = 1 for all fc = 1, . . . , s„, which then implies that v' £ CU {An) C CU [A). 
Note that < > 22L. We have 

dist(w, C;7(A)) < \\u-v'\\ 

< \\u - v\\ + \\v - v'W 

< e/2 + e/2 
= e. 

As e can be chosen to be arbitrarily small, it follows that u £ CU{A). □ 

We will need the fact that a cut-down of the crossed product C*-algcbra by a projection in C{X) 
is similar to the original crossed product C*-algebra, and can be regarded as a crossed product 
C*-algebra of the induced action. Some definitions and facts will be given here. 

Let (X X T X T, a X X R,j) be a minimal topological dynamical system as defined in Section 
[01 Let D he a. clopen subset of X, and let x £ D. For simplicity, we use (p to denote a x x R^,. 
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Define if: DxTxT^DxTxThy ^{{y.tiM)) = ^^'^''KiyMM)). where f{x) is tlie first 
return time function defined by 



As Lp is minimal on X x T x T, for every x € X, tlie orbit of x under Lp is dense in X. It tlien 
follows that the intersection of this orbit with D is dense in D, which implies that is also minimal 
on X T X T. As the composition of rotations on the circle is still a rotation on the circle, we can 
find maps ^,77: _D — > T such that (p ^ax R- x with a{x) = a-^'^-* (x) for / as defined above. 

It follows that ^ and are both continuous functions. In fact, as D is clopen, we have that / is 
continuous, which then implies that ^ and rj are continuous. 

As (Z? X T X T, (f) is a minimal dynamical system, the corresponding crossed product C*-algebra 
C*(Z, X T X T, 1^) is simple. Use u to denote the implementing unitary in C*(Z, I? x T x T, 1^). 



Define to be the subalgebra of C*{Z,D xT x T,{p) generated by C{D x T x T) and u ■ 
Co{{D\{x}) X T X T). 



The lemma below shows that the cut down of the original crossed product C*-algebra is isomor- 
phic to the crossed product C*-algebra of the induced homeomorphism. 

Lemma 2.4. Let ip and Lp he defined as above. There is a C*-algehra isomorphism from C*{'Ij,D x 



Proof. Let /; D — > N be the first return time function. As D is clopen, / is continuous. As X 
is compact and D is closed in X, D is also compact. Continuity of / then implies that f{D) is a 
compact set, that is, a finite subset of N. Write f{D) = {fci, . . . , fcjv} with A^, fci, . . . , fc^v G N and 
set A ^f-\h). 



min{n € N: n > 0, € f7}. 



T X T, 1^) to IdxTxt ■ A ■ IdxTxt- 



In 1 



DxTxT 



■A-l 



DxTxTj 



let w = X^ili l^ixTxT • u'""'. Then we have 




N 




N 




N 




We need the following claim to get that ww* = Id- 



Claim 2.5. For Di,ki as above, 




Proof of claim: 
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// kj > h, then a'^^"*^' [Dj) d X\D. Thus A n a''^-''' {Dj) = 0. 

// kj < ki, we claim that Di n a^'^''^{Dj) ^ 0. If not, choose s e Di Ci a'''~^'{Dj). We can 
assume s = a^^~^^{y) for some y & Dj. It is then clear that a^^~^^ {s) ^ y G Dj (Z D, contradicting 
the fact that the first return time of s (in Di) is ki . 

If kj = ki, it is clear that Id; • (lr>j ° a^^^''^) = !£>.. 

This proves the claim. 

Using the claim, we get 



N 

WW* = Id.xTxt • (Id.xTxto (a x x R,,)'='-''^) ■ u' 

N 

= ^ iDiXTxT 
1=1 

= InxTxT- 

Now we calculate w*w. It is clear that 

/ N .V f ^ \ 

W*W = ^ Id.xTxT • u''' ■ X! l^.xTxT • I 

N 

= ^ ■ l_Dj. xTxT • l^iXTxT ' u'"'" 

AT 

E-fci 1 ki 

4=1 

N 

= ^ 1d,xTxt o (a X X R^)"*"'' 
i=i 

N 

= 1(qxR(: xR,,)'=i (_Di xTxT) 
i=l 
N 

= ^ lv(-D>xTxT) 

4=1 

= IdxTxT- 

So far, we have shown that w is a unitary in 1_dxTxT ' ^ • IdxTxT- 
Define a map 

7: C*{Z,D X T X T,(?) IdxTxt • A ■ IdxTxt 

by 

lif) = / for all f e C{D x T x T) and 7(u) = w. 
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We will check that 7 is well-defined and gives the desired isomorphism between C* (Z, DxTxT,ip) 
and IdxTxt • A ■ IdxTxt- In fact, for all f G C{D x T x T), we have 

l{u*fu) = 7(/o(^-i) 

= /o^-i. 

We also have 

j{u*fu) = 7(u*) • 7(/) • 7(m) 
= w* ■ f ■ w 

N 

= J2 u-'^' ■ Ic. • / • Ic. • Id, ■ u'^' 

N 

= Y.U-''-{f-lD,)-u'^^ 

i=\ 

which then implies that 7 is really a homomorphism. 

To show that 7 is surjective, we will show that for every g G C{X x T x T) and 71 G N, 1_dxTxT ■ 
{gu'^) ■ l_DxTxT is in the image ofj. Note that 

IdxTxT • (5^") ■ IcxTxT = (IdxTxT ' ff) ' (^i" ' I/JxTxt) 

= (l_DxTxT ■ 9 ■ 1q-"(D)xTxt) ■ 

Without loss of generality, we assume that 

Dna-''{D) ^ 0. 

Note that there is s with 1 < s < N such that D r]a^"{D) = Dg, n = kg and is exactly f^^in). 
It follows that 

l_DxTxT • (ffw") ■ IdxTxT = (.9 ■ ln„xTxT) ' 

= (.9 • 1i3„xTxt) ■ (l_D„xTxT ' u"). 

It is clear that we can identify g ■ 1i3„xTxT with a function in C{D x T x T). Note that w = 
J2i=i xTxT • • We have 

1 {{9 ■ Id.xTxt) • {u)) = 7 ((5 • 1d„xTxt)) • 7(") 



(.9 ■ IDsXTxt) • I ^ ICiXTxT • u'^' J 



= .9 • Id., xTxT • u^' 

= .9 ■ IDsXTxT ■ 

= IdxTxT • (ffw") • l_DxTxT- 

Then we have proved that 7 is surjective. As C*(Z, D x T x T, (^) is a simple C*-algebra, it follows 
that ^ is a C*-algebra isomorphism. □ 
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The idea of topological full group of the Cantor set is needed in the next lemma, and a definition 
is given below. 

Definition 2.6. Let X be the Cantor set and let a he a minimal homeomorphism of X . We say 
that P S Homeo{X) is in the full group of a if (3 preserves the orbit of a. That is, for any x € X, 
/3({a"(a;)}„gz) = In this case, there exists a unique function n: X "L such that 

P(x) = for all X ex. 

We say that (3 G Homeo{X) is in the topological full group of a if the function n above is 
continuous. 

We use [a] to denote the full group of a, and use [[a\] to denote the topological full group of a. 

Lemma 2.7. Let X be the Cantor set and let a be a minimal homeomorphism of X . Let Y and 

U be two clopen subsets of X .such that U d Y. If there exists (3 G [[a]] such that (3(U) C Y and 
U n I3{U) = 0, then there exists 7 £ [[a]] such that j{Y) = F, 7 |[/ = (3\(j and 7 |x\y = id \x\y ■ 

Proof. As /3 e [[a]], there exists a continuous function ni : X — > Z such that (3{x) = a"i^^^(a;) for 
all X £ X. Let Uj = U (1 ni^{j) for j G Z. As the sets ni^{j) are mutually disjoint for j € Z, so 
are the sets Uj . Now we have /?([/) = Ujl-00 '^^ i-^j)- 
Define 7 e Homeo(X) by j{x) ~ a"^'^'(a;), with 

{ni{x) X eU 
-j xea^{Uj) 
x(^U and X ^ l3{U) 

As U n 13{U) = 0, we get U H a^{Uj) = for all j E Z. Thus 712 is a well-defined function. 
Then we can check that 7 |[/ = (3\i; as ni \ij = n2\u ■ It is also obvious that ^{(3{U)) = U and 
Y\{uui3(u)) = idy\(c/u/3(c/))- It follows that 7(F) = Y. As 7^2 (cc) = when x ^ F, we get 



x\Y — id \x\Y ■ n 



Lemma 2.8. Let X he the Cantor set. Let a be a minimal homeomorphism of X, and let x G X. 

Let A be the crossed product C*-algebra of the dynamical system (X,a). Use Ax to denote the 
subalgebra generated by C(X) and u ■ Co{X\{x}). Let D be a clopen subset of X and let n €z N be 
such that X ^ Ufc=o ct^{D). In A^, the element s ~ u ■ l^n-i^D) ■ ■ - u ■ la(D) • u • Ij^ is a partial 
isometry such that s*s = \d and ss* ~ la"{D)- 

Proof. We just need to check ss* = la"{D), s*s — Id, and s E Ax. 
In fact, 

ss* = {u- (£))••• w • la(D) ■u-1d)-{u- la^-i{D) ■ ■ -u ■ 1^(0) 'U- Id)* 

= U ■ la'--^{D) ■■■U- la{D) ■ U ■ Id ■ Id ■ U* ■ la{D) -U* ■■■ • u* 

= ^a"(D)j 

and 

S*S = {u ■ la^-l{D) ■■■U - la{D) ■ U ■ Id)* ■ {u ■ la^-l{D) ■■■U- la[D) -u-Id) 
= 1_D • M* • la(D) -U* ■■■ la^^-l(D) ■ U* ■ U ■ [D) ■ ■ ■ U ■ la{D) 'U-Id 

= Id- 
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As X ^ Ufc=o ^''i^)^ it follows that u ■ lai'iD) <E for k = 0, . . . ,n - 1. Thus s, s* € A^. □ 
Remark: It is easy to check that s = ■ \d and s* = (it" • l^)* = \d ■ w"""- 



Lemma 2.9. Let X be the Cantor set and let a be a minimal homeomorphism of X. Let u 
be the implementing unitary of the crossed product C*-algebra C*(Z, X, a). For 7 e [[a]], there 
exist mutually disjoint clopen sets Xi, . . ., Xjy and Ui, . . ., njy £ N such that X ~ |J^]^ Xi and 
7(x) = a"'(x) for x £ Xi. Furthermore, w ~ Iat^ ■ is a unitary element in C*{Z,X,a) 

satisfying w* fw = f o for all f G C{X). 

Proof. As 7 S [[a]], there exists a continuous function n: X — > Z such that 7(2;) = a'^'^^\x) for all 
X & X . As X is compact and n is continuous, the range n{X) must be finite. 
Define 

w= In • 

where Yfe = n~^{k). As n{X) is finite, we have finitely many sets Yfe. As 7 is a homeomorphism, it 
follows that a^{Yk) n a^(Y,) = if 7^ j. 

We will check that ww* = 1 and w*w = 1. 

Note that 

fcj'SZ 

As a''{Yk) n a-^Cy,) = if fc 7^ j, it follows that a^^^{Yj) DYk ^ if k ^ j. Then we get 

WW* = ^ ly^ • la3-fc(y^.) • u''^^ 
k.jei, 

= 1 . 

As C*(Z, X, a) has stable rank one, it is finite. It then follows that w*w = 1. So far, we have shown 
that w is a unitary element in C* {Z, X, a). 

To show that w* fw = f o 7"^, we just need to show that for each i and for every clopen set 
D <zYi,we have w*1dw ^ Id ° ■ As C{X) is generated by 

{Id : D is a clopen set of Yi for some i g Z}, 

that wiU imply w* fw — f o 7"^ for aU / e C{X). 
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For a clopen set D C Yi, it is clear that 



w*1dw = 




~ u^* ■ Id ■ 

= 1_D o a"' 

= Id° , 

which finishes the proof. □ 

Some facts about Cantor dynamical systems that will be needed are given below. 

Lemma 2.10. Let {X,a) be a minimal Cantor dynamical system and let x G X. Let U and V 
be two clopen subsets of X . Let A be the crossed product C*-algebra of {X,a) and let be the 
subalgebra generated by C{X) and u ■ Cq{X\{x}) , with u being the implementing unitary element in 
A satisfying ufu* = f oa^^ for all f € C{X). If there exists an integer n > 1 such that a"(U) = V 
and X ^ Ufc=o ^^(U), then there exists w € A^ such that w ■ Ijj ■ w* = ly. 

Proof Xs X i [MZla^{U), we can find a Kakutani-Rokhlin partition V oi X with respect to a 
such that the roof set R{'P) is a clopen set containing x and R{'P) n (lJl-=o oi^{U)) = 0. 
Write 

□ x{s,k) 

l<s<N 
l<k<h(s) 

with a{X{s, k)) = X{s, k + 1) for aU /c = 1, . . . , h{s) - 1 and a{R{V)) C |J X{s, 1). 

l<s<JV 

Use A-p to denote the subalgebra generated by C{X) and u ■ Co{X\R('P)). Then 

N 

Ap = 0A4.(,)(C(X(s,l))). 

s=l 

In other words, there exists a C*-algebra isomorphism 

N 

^: ^0A4(,)(C(X(,s,l))) 

s=l 

satisfying 

^i^xis,k)) = diag(0, . . . , 0, 1, 0, . . .) e 1)) 
with the k-th diagonal element being lx{s,k)- 

It is clear that lu = J2s,k ^unx{s,k) and ly = J2s,k ^vnx{s,k)- Define Us to be 
Uj. {U n X{s, k)) and Vs to be |J^ {V n X{s, k)). It is clear that lu = '^u, and ly = J2s ^v,- 
Recall the isomorphism ip above. By abuse of notation, we can regard lu^ and ly^ as two diagonal 
matrices in Mi^i^g-){C{Xs.i))- 
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If we can find unitary elements Ws G A/^(g) (C(Xs^i)) such that Ws ■ lus ' '^s = li^, by setting 
w ~ wi + ■ ■ ■ + Ws, it is then clear that w is unitary element in ^^h{s)iC{X{s, 1))) such that 

w ■ lu ■ w* = ly, which is equivalent to the existence of a unitary in A-p conjugating Ijj to ly. As 
X G R(V), we can regard A-p as a subalgebra of A^. Then the unitary w in Ap is also a unitary in 
Ax- 

Let Ws be a unitary element in Af/j^^) (C(Xs.i)) satisfying 

Ws ■ E,,i ■ w* = Ei+i^,+i 

for z = 1, . . . , h{s) — 1 and 

WsEh(s)M'>)^s ^1,1: 

with (Eij) being the standard system of matrix units. It follows that Ws ■ lus ' w* = ly^, which 
finishes the proof. □ 



Lemma 2.11. Let (X, a) be a minimal Cantor dynamical system and let U, V be two clopen subsets 
of X satisfying a"{U) = V for some n e N. Then there exists a partition of U, say U = |J™]^ Ui 
with each Ui clopen such that for all k ~ 1,. . . ,n and i, j = 1, . . . ,m with i ^ j, we have a^{Ui) H 
aHU,) = 0. 

Proof. We just need to find a partition of U into U = |Jfc=i such that for every given i with 
1 < 2 < TO, the clopen sets a^{Ui), . . . , a"(/7i) are mutually disjoint. 

For every ?/ S ?7, as a is a minimal homeomorphism, we can find a clopen set Dy C U such that 
a^{Dy), . . . ,a'^{Dy) are mutually disjoint. As U is compact, there exists a finite subset of U , say 
{yi,...,y]si}, such that Ijf^^^ Dy^ = U. 

As the intersection of two clopen sets is still clopen, without loss of generality, we may assume 
that the sets Dy^ , • • ■ , Dy^ are mutually disjoint. That is, U = \_SiLi Dyi ■ It is then clear that for 
any given s with 1 < s < A^, a^{Dy^) are mutually disjoint for k = 1, . . . ,n , which finishes the 
proof. □ 



The lemma below is the strengthened version of Lemma 12.101 in the sense that we no longer 
require x ^ lJfc=o oi'^{U). 

Lemma 2.12. Let X be the Cantor set and let x G X. Let a be a minimal homeomorphism of X 
and let Ax be defined as in Lemma \2.1(A For every n G N and clopen subset U C X, there exists a 
unitary element w & A^ such that 

w = ^ lOjU^ and w ■ lu ■ w* = la"((7), 

where Dj for j G Z are mutually disjoint clopen subsets of X satisfying X = | | -Dj, and all but 

finitely many Dj are empty. 
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Proof. Let d be the metric on X. As (X, a) is a minimal dynamical system, x, a{x), . . . , a"(a;) are 
distinct from each other. 
Let 

R=- min d{a'' {x) , a' {x)) . 

It is clear that R > 0. 

For k with < fc < n, if a; G a^{U), as a^{U) is clopen, there exists rj. > such that 
the open set {y & X: d{x,y) < r^} is a subset of a''{U). U x ^ a''{U), as a''{U) is compact, 
infj^g^fcj-j/-) d{x,y) = d{x,y') for some y' € q;'^([/). In this case, let = infj,eQ'=(c/) d,{x,y). 

Let 

r = min(i?, ro,ri, . . . ,r„) > 

and define E' to be 

{y e X: d{x,y) < r}. 

Then iJ' is an open subset of X. As the topology of the Cantor set X is generated by clopen sets, 
we can find a clopen subset E C E' such that x € E. 

According to the definition of r, it follows that for k = 0,1, ... ,n, either E' C a^{U) or E' n 
a^{U) = 0. The fact that E ^ E' implies that for fc = 0, 1, . . . , n, either E C a''{U) or Er^a''{U) = 
0. 

Let 7^ be a Kakutani-Rokhlin tower such that the roof set is E. As E is the roof set and 
E,a{E), . . . ,a^{E) are mutually disjoint, it follows that the height of each tower in V is greater 
than n + 1 . 

Use X{N,v,s) to denote the clopen subset of the partition V at the w-th tower, with height s. 
Then 

X^ U Xin,v,s), 

v£V,l<k<h{v) 

where h{v) is the height of the v-th tower. 
Let Uy^k ^Un X{N, V, k). Then 

u= □ U^,k. 

veVS<k<h(v) 

For every v, k such that Uy^k 7^ 0, if there exists to € N such that 1 < to < n and a"''{Uy^k) C a{E), 
then E n a"'^^(C/) ^ 0. According to our choice of E, for all s with 1 < s < n, either E C a''{U) 
ov Ef] a'^{U) = 0. By assumption, we have a'"^{Uy^k) C a{E) and 7^ 0- Then 

£;na™-i(C/) D EC^a'^~\Uy,k) = ^ 0, 

which implies that E C a™~^{U). 

Let As be the subalgcbra of A generated by C{X) and u ■ Co{X\R{V)), with u being 
the implementing unitary of A. We will show that there exists a unitary clement w Cz Ae such that 

with all the sets Dj for j G Z being mutually disjoint and it; • • w* = lQ,n([/). As A^; can be 
regarded as a subalgebra of A^ , that is enough to prove the lemma if we can find the unitary w as 
described above. 
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If fc + n < h{v), this is the case that x ^ Uj=o^ cn^ {Uv,k)- According to Lemma [^751 there exists a 
partial isometry Sy,k G such that s* j,s„,fc = 1(7^^ and s^^^s* j, = la"((7„ = l;7„,fc+„- According 
to the remark after Lemma l2.81 we have Sy_k = u" • 1(7„ k- 

If there is a nonempty U^^k such that fc + n > h{v), then 

According to the construction of E, it follows that E C a''^"-'~'^(J7), which then implies that 
Q,-(ft(u)-fe)(^£;-) ^ [/^ Intersecting both sets with 

= y X(n,t-',/i(w')-(/i(w)-A:)), 

we get 

y - {h{v) - fc)) = a-(''(")-'=) (E) D \J X{n, v' , h{v') - {h{v) - fc)) 

v'ev v'ev 



CU n [_\ X{n,v\h{v')-{h{v)~k)) 
vev 

C □ X{n,v',h{v')-{h{v)-k)) , 



v'ev 

which implies that 

Un [_\ X{n,v\h{v')-{h{v)-k))^ [_\ X{n,v',h{v')-{h{v)-k)). 

v'GV v'eV 

In other words, 

Uv'.h{v')~^{h{v)-k) = X{n,v' ,h{v') - {h{v) - fc)) for aU v <E V . 

Now we have 

Q, iK'") *=)(£;) — ly Uy' ^h(v')-(h(v)-k) — |_J -'^t;',/i(-u')-('i(i')-fe)- 

It follows that 

a" I |_J U^v'Mv')-{h(v)-k) I ^ I U M:v')-(h{v)-k) 1 = |_J A"„/_„_(;i(„ 



)-fc)- 



By Lemma [2751 there exists a partial isometry s'^ j, such that 

s'v.k^v.k = ^U(v' ,h(v')-(h{v)-k)) 



and 



Sv,k^v.k — ^a"(Uiv' .h(v')-(h(v)-k)) 

= l;7(i>',h(i>')+n-('i('')-'i:))-'i('"')- 

Furthermore, according to the remark after Lemma 12.81 ^ S 

For every non-empty Uv.k, either k + n < h{v) or U D a^'-'*^^-'^'^'' (i?(7')). Thus the above two 
cases will give a partial isometry s € j4£; such that ss* = lu and s*s = la"{u)- 

There exists a partial isometry J € Ae such that 

5s* = lx\u and Fs = lx\a"{u)- 
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Let w = s + s. Then ?z; is a unitary element in Ae satisfying w ■ lu ■ w* = ^a"(u)j which finishes 
the proof. □ 



Lemma 2.13. Let X be the Cantor set and let x € X. Let D he a clopen subset of X satisfying 
X Cz D, and use X x Ti x T2 to denote the product of the Cantor set and two dimensional torus. Let 
A be the crossed product C*-algebra C*(Z, X xTiX T2, a x x R,,) and let u be the implementing 
unitary of A. Let zi G C(Ti, C) be defined by zi(t) = t and let zi G C(T2, C) be defined by z^it) = t. 
By abuse of notation, we identify zi with idx (X) 2i (X) idTa ^'^'^ ^2 with idx ® idxi ® ^2- Suppose that 
there exists M € N such that 

\\u^^ Zipu"^^ — Ziq\\ < e for i = 1, 2, where p = Ijj and q = u^'^pu~^^ . 

Then there exists a palatial isometry w G A^ (with A^ as defined in Lemma \2.10\) such that 

w*w = p, WW* = q and \\wzipw* — Ziq\\ < s for i = 1, 2. 

Proof. According to Lemma l2.f 21 we can find a unitary element wi G A^ such that 

Wl = ^u''f„-l(fe) 

for some n G C{X, H) and 

wipw\ = q. 

Let 

jo:C(TixT2)^C(i?xTixT2) 
be defined by jo(/) = f_D (X / for all / G C(Ti x T2). Then it is clear that j is an injective 
homomorphism . 

As C{D X Ti X T2) C pAxP (with p = Id), wc hence get the canonical inclusion map 

00 : C{D X Ti X T2)^pA,p. 

Define 

01 : C{D X Ti X T2) -^pA^p 

by 

01 (ff) ^wl-u^' ■ g- u~^' ■ wi for all g G C{D x Ti x T2). 

As g = u^^pu^^' and p = Ib, it follows that ■ g ■ u^^' G qC{X x T^)^ C qA^q. 

The fact that wipw\ = q implies that w^qA^qwi = pA^q. So far, we have shown that 4>i is 
really a homomorphism from C{D x T^) to pA^p. As ||i?!)i((7)|| — \\g\\, it is clear that 0i is injective. 

Define (po = 0o ° jo and (pi — 0i o Jq. Then ipQ, (pi are two injective homomorphisms from C(T^) 
to pAxp. 

Let 

j : pA^p — > pAp 

be the canonical embedding. 
By Lemmas [O and [221 

j„: Ki{pA^p) — > Ki{pAp) 
will induce an injective embedding of Ki{pAxp) into Ki{pAp) for i = 0, f . 

Consider (y3o)« and (^i)„: X,(C(Ti XT2)) -> A'j(pA^p) for i = 0, f . As<pi(/) = w^u^ fu-'^'wi, 
it is clear that {(po)*i{ci) — (</5i)*i(a) in Ki{p)Ap) for all a G K^iiffx x T2). Since we know that 
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j-H - Ki{pAxp) — Ki{pAp) is injective, it follows that (iy9o)*i(a) ~ {^i)*i{o) in Ki{pAxp) for all 
a e K,{Ti X T2). 

For a C*-algebra B, recall from Section [0] that T{B) denotes the convex set of all tracial states 
on B. For ah r G T{pAp) and g e C{D x Ti x T2), it is clear that 

T{wlu''gu-''w,)^T{g). 

As T{pAp) = T{pAxp), it follows that for every tracial state r' S T{pAxp), we have 

T [WiU gu wi) ~ T [gj. 

It is then clear that for all t' € r(pA^,p) and / G C(Ti x T2), 

r'(¥'o(/))=r'(^i(/)). 

Recall from Definition 10.31 the maps 

VJo",<^i»: U{C{Ti X T2))/Ct/(C(Ti x T2)) [/(MxP)/CC/(M.p). 

We will show that ifo{zi (81 IT2) ' <Pi(-Zi 1t2)^^ G CU{pAj.p). If that is done, then we can show 
that ipo{lTi ® 2:2) ■ <Pi(1ti "8) ^2)""'^ G CU{pAxp) in a similar way. 
In fact, 

ipi{zi (g) ItJ = li't • M^"' ■ (Id (8) 2^1 (8) IT2) • i)-'^' ■ wi 
= wl ■ (l„M(^) ® zi ■ e^''*'* ® IT2) ■ twi 

for some s G C(X, K). As wi = it'^l„-i(j.') and wiIdwI = u'^^pu^^^ , we get 

fcez 

V3i(zi ® IT2) = wl ■ (1„M(£,) ® (zi • e^'^") ® IT2) • Wl 

= ^^w''ln-i(fe)xTixT2^ • (lQ'><f(D) ® (zi • e^'"''') (g) IT2) • ^^M''ln-i(fe)xTixT2^ 

= ^ ln~i(fe)xTixT2 • • (la'><f(_D) ® (zi • e^"'') (g IT2)) ' ' In-i (j) xTi xTa 

= ^ ln-i(fe)xTixT2 • U^'' • (laA^(_D) ® (^1 ' e^'"**) (g) Itj)) ' u'' ■ lri-i(/£)xTi XT2 
feGZ 

= lz5 ® (zi • e^"'') (g It, 
for some h e C(A, M). Then we have 

tpoizi (g IT2) ■ ^i{zi ® Its)"^ = Id g) (g 1t2 

with h E C(X, M), and we also have 

1 D ® e-^''''' (g 1t2 e pv4^P n pC* (Z, X, a)p. 

Note that pA^p D pC*{'L,X,a)p ^ pC*(Z, X, a)^:^, which is an infinite dimensional simple AF 
algebra by [HPS] . By Lemma 12.31 it follows that 

U{pA^pnpC*(Z,X,a)p) = CU{pA^pC]pC*{'E,X,a)p). 

Then we get 

ipo{zi g) IT2) ■ Vi{zi (g 1t2)"^ € 

U [pA^p n pC*(Z, X, a)p) = CU (pA^p n pC*{Z, X, a)p) c CU{pA,,p). 
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So far, we have shown that (/3o(^i<8'1t2) = ¥'i('^i®1t2)- In the same way, it follows that cpg(lTi (8122) = 
<p}(1ti (8) 2:2). 

According to [Linll Theorem 10.10], we conclude that ipo and ipi are approximately unitarily 
equivalent. Then there exists a unitary W2 € pA^p such that 

Let w = wiW2- Then 

Wu'^Zipu-^ - z,g|l < e for i = 1, 2. 

We can easily check that 

W*W = W2WIW1W2 = W2W2 = p 

and 

WW* = W1W2W2W1 = Wipwl = q, 
which finishes the proof. □ 



Lemma 2.14. We write X x T x T as X x Ti x T2 to distinguish the factors. Let A he the crossed 
product C*-algebra C*{'L,X x Ti x ¥2,0: x x R,,) and let u be the implementing unitary of A. 
Let X ^ X . For any N £f^, any £ > and any finite subset Q C C{X x T x T) , we have a natural 
number M > N , a clopen neighborhood U of x and a partial isometry w £ A^ (with A^ defined as 
in Lemma \2.10]) satisfying the following: 

(1) a-^+i([/),a-^+2 ([/),..., f7,a([/),...,a^^(?7) are mutually disjoint, and n{U) < e/M for 
all a-invariant probability measure fj,, 

(2) w*w = 1(7 and ww* = la^iijj), 

(3) u-'wu' e A,, for i^ 0,1,..., M ~ 1, 

(4) \\wf-fw\\<efor all f eg. 

Proof. By abuse of notation, we identify / G C{X) with /^idfi CSidTj , 9 € C'(Ti) with idx<8)5(8)idT2 
and h S C(T2) with idx ® idi^ ^ h. 

Without loss of generality, we can assume that 

G = {fl,---,fk,Zl,Z2}, 

where e C{X) C C{X x Ti x T2) for i = 1, . . . , fc and z^{t,) = t, for t, eT^,i = 1, 2. 
There exists a neighborhood E x such that 

\f^{x)-My)\<e/2 

for all y e E and i — 1, . . . ,k. It then follows that for any yi,y2 & E and i such that 1 < i < fc, we 
have 

1/^(2/1) -/» (2/2) I <£. 
As {X,a) is minimal, there exists M > N such that a'^^x) £ E. Let 

K = max |m, — + 1 1 . 

It is clear that the points a^^^^{x),a~'^'^'^{x),x,a{x), . . . ,a^{x) are distinct. Then there exists 
a clopen set U containing x such that U C E, a^'\U) C E and a-^+i(C/), a-^+'^{U), U, a{U), 
. . ., a-^{U) are disjoint. 
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As a^^^^ (U), a^^+^(C/), U, a{U), . . . , {U) are disjoint, for every a- invariant probability mea- 
sure we have n{U) < e/M. 

By Lemma l2.131 there exists a partial isometry w € such that w*w = Ijj and ww* = \aM(jjy 

As U d E and a'^iU) C it follows that \\wf, - fiw\\ < e for < i < fc. The fact that 
\\u^^ Zipu~^' — Ziq\\ < e implies \\wzi — Ziw\\ < e for z = 1,2. So far, (4) is checked. 

From our construction of J7, we have (1). The assertion (2) follows from our construction of 
w. Note that [/, a(?7), . . . , a''^(/7) are mutually disjoint. We can check that u~^wu^ G for 
1 = 0,. ..,m — 1, thus finishing the proof. □ 



Definition 2.15. LetC be a category of unital separable C*-algebras. A separable simple C*-algebra 
A is called C-Popa if for every finite subset T G A and e > 0, there exists a nonzero projection 
p € A and a unital subalgebra B of pAp (with 1b — p) such that B ^ C and 

1) \\[x,p\\\ < £ for all X ^ F, 

2) p ■ X ■ p (Ize B for all x Cz J-. 



Lemma 2.16. Let C be a category of unital separable C*-algebras. Let A be a separable simple 
C*-algebra. If for every finite set T <Z A and e > 0, there exists a nonzero projection p (z A and a 
unital subalgebra B of pAp such that B is C-Popa and 

1) II [a;, p] II < e for all x , 

2) pxp Gs B for all x <^ T , 
then A is C-Popa. 

Proof. For any e > and any finite subset C A, we can find a subalgebra B such that B is 
C-Popa and 

1) II [a;, 1b] II < £ for aU a; e J", 

2) 1b • X • Is Ce B for all x gT. 

Use IbJ^Ib to denote the set {\bx\b ■ x G J^}. As 1^ • x • Is S, for every x G F, choose an 
element yx & B satisfying ||?/a; — Is • a; • 1^ || < e. Use Q to denote {yx ■ x € J"} with as described. 
As B is C-Popa, we can find E C B such that E £ C and 

a) II [Is, y^;] II < £ for aU e G, 

b) Ie-Vx- 1b Is for aU yx G Q. 

We theHil^egt thg!| • ls|| ~2e || Is • Is • a^ • Is - Is • a: • Is • 1b|| ~2e pB - x- x ■ ls||- 
It then follows that 

Ills • a: - a: • ls|| «4e pB ■ Ux ~ Ux ■ 1b||- 

As ||[ls,2/a;]|| < £, we get II [x, Is] II < 5e. 
For any x £ A, we have 

dist(ls • X • Is, = dist(ls • (Is • x • Is) • Is, E) 
dist(ls • yx ■ Ie,E)) 
0. 

Then it is clear that Is ■ a; • Is G2e E- 
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Thus for every finite subset T C A and e > 0, we can find the subalgebra i? of A as described 
above such that E and 

1) II [a;, 1b] II < 5e for all a; G J", 

2) Ie ■ X - Ie ^2e E for aU x G F, 

which shows that A is C-Popa. □ 



This following is a technical result that will be needed later. 

Proposition 2.17. Let A he a C*-algebra. For every a G Asa such that \\a ~ a?\\ < 5 < j, there 
exists a projection p G C*{a) such that \\p — a\\ < \^6. 

Proof. Just refer jLin41 Lemma 2.5.5]. □ 

Theorem 2.18. Let X be the Cantor set and let a x x be a minimal action on X x T x T. 
Use A to denote the crossed product C*-algebra of the minimal system {X x T x T, 
Then TR(^) < 1. 

Proof. According to [HLXi Lemma 4.3], for simple C*-algcbra A, if for every e > 0, c G ^+ \ {0} 
and finite subset !F <Z A^ there exists a nonzero projection p and a unital subalgebra B of pAp such 
that TR(S) < 1 and 

1) II [a;, p] II < £ for aU a; G J", 

2) dist(p ■ X ■ p,B) < e for all x E 

3) 1 — p ^ c as in Definition 10.21 That is, 1 — Is is Murray- von Neumann equivalent to 
a projection in Her(c), 

then it follows that TR{A) < 1. 

Let Ax be as defined in Lemma TO. II According to Lemma [1.131 TR(A2;) = 1. If we can find a 
projection e G A^ such that B = eA^e satisfies the previous three conditions, then we are done. 

As A is generated by C{X x T x T) and the implementing unitary u, we can assume that the 
finite set is J" U {u} with F C C{X x T x T). 

Choose TV G N such that 27r/iV < e and let 

Af-l 

Q= [j u'Fu-\ 

1=0 

According to Lemma [2. 141 with respect to Q and e above, we can find M > N, a. clopen neighbor- 
hood of X and a partial isometry w G A^ satisfying w*w = Ijj, ww* ~ 1c(M(c/) and \\[w, f]\\ < s for 
all / G J". 

Let p ~ Ijj and q = l^M^^jjy For t G [0,7r/2], define 

P{t) — p cos^ t + sin t cos t{w + w*) + q sin^ t. 

As pq = and p, q are Murray-von Neumann equivalent via w, it follows that t h- !■ P{t) is a path 
of projections with P(0) = p and P{tt/2) = q. 
Define 

CM-N N-1 \ 

u'pir' + u-'P{iTT/2N)u' 1 . 
i=0 i=l J 
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According to Lemma [2.141 u^^wu^ e A^. for i = 0, . . . , to — 1. It is clear that e ^ Ax- It follows 
that e is a projection. 

We first show that for e £ Ax above, the following hold. 

1) ||[x,e]|| < e for all x G J"U {m}; (CI) 

2) dist(exe, eAxc) < e for aU x € J" U {u}. (C2) 
For the part of (CI) involving u, note that 

/M-N 

ueu* — e = 1 — u 



iI-N N-1 \ 

u'pu~' + Y u-'P{in/2N)u' j u* 

i=0 1=1 / 

CM-N N-1 
Y u'pu-' + J2 u-'P{iTr/2N)u' 
2=0 i=l 

M-N+1 M-N N-1 

Y u'pu-' + Y + w"'^'(«7r/27V)u' 



i=l 2=0 i=l 

N-2 



- Y u-'P{{i + l)n/2N)u' 

i=0 

= p- M*^-^+ip(w*)*^-^+i + (w*)^-ip((iV - l)7r/2iV)u^-i - P{tt/2N) 

N-2 

+ Y u-\Pii'^/'^N) - P{{i + l)7r/27V))u* 

1=1 

= p- P{n/2N) + u-(^-i)p((7V - 1)ti/2N)u''-^ ~ u^'-^+'pu-'^^'-''+'^ 

N-2 

+ Y u-\P{iTr/2N) - P{{i + 1)'kI2N))u\ 



As 2ti/N < e, we get ||ueu* — e|| < e. It then follows that \\ue — eu\\ < e. By Lemma 12.141 
ll/e — e/j| < £ for all f E So far, we have checked (CI). 

For / e J" C C{X X T X T), as / e Ax, we get e/e G eAxC. As eu e Ax, it is clear that 
eue ~ e{eu)e G eAxC. Thus we have checked (C2). 

Let C be the set of all the unital separable C*-algebras C such that there exist G N and one 
dimensional finite CW complexes Xi and di E N with 1 < i < A^ and 

N 



C^0Mrf„ (C(A„)), 



n=l 

Note that e can be chosen to be arbitrarily small, and also note that eAxC has tracial rank no more 
than one, which implies that eAxC is C-Popa. 

By Lemma [2. 161 A is also C-Popa. According to [Lin41 Lemma 3.6.6], A has property (SP). For 
the given element c G there exists a non-zero projection q G Her(c). Let Sq = ini{T{q): r G 
T{A)}. As A is simple and q^O,we get T{q) > for aU r G T{A). As T{A) is a weak* closed subset 
of the unit ball of A*, noting that the unit ball of A* is weak* compact by Alaoglu's Theorem, it 
follows that T{A) is also compact. Thus Sq > 0. 

Without loss of generality, we can assume that e < min{l, ^Sq, -jj^^^} and q E J-. 

It remains to show that 1 — e is Murray-von Neumann equivalent to a projection in Her(c). 
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As q e we have 

II [9,6] II < e and dist(e(7e, eA^e) < e. 

We can find &S (eyl^e)sa such that Ijeqe—feU < e. Note that || [g, e]|| < e imphes that ||(ege)^ — ege|| < 
e. According to Proposition 12.171 there exists a projection q' G A such that ||g' — ege|| < y/s and 
q' di eqe as in Definition 10.21 
Note that we have 

\\b^ - b\\ <\\b^- {eqe)^\\ + Wieqe)^ - eqe\\ + \\eqe - b\\ 
<3e + e + e 
= be. 

By Proposition 12 . 1 7l again, there exists a projection p g eA^e such that 

Hp - 6|| < V5e and [p] < [b]. 

As 

lb - q'W < lb - ^11 + I1& - eqell + \\eqe - q'\\ < Vb^ + e + V^, 
it fohows that [p] = [q']. As 

q' ^ ege and eqe ^ 5, 

we conclude that p < q in A. 
Note that 

q = eqe + (1 — e)qe + eq{l - e) + (1 — e)q{l — e). 
For every r G T{A), we have 

T{q) = T{eqe) + t((1 - e)q{l - e)) + t((1 - e)qe + eq{l - e)). 
According to (CI) and our choice of e, we have 

T(eqe) + t((1 - e)q{l ~ e j) > r(g) - e > ir(g). 

As T is a tracial state and e is a projection, 

t((1 - e)q{l - e)) < t((1 - e)l(l - e)) = t(1 - e). 
Note that r(l — e) < jT{q) for all t G 7(^4) (because t(1 — e) < jSq). We can conclude that 

T(eqe) > iT(g) - r((l - e)q(l - e)) > ^T{q) - t(1 - e) > ^T{q) > > 0. 
In our construction, note that 

lb ~ figell < lb — fo|l + 11^ — eqe\\ < VSe + e. 

It follows that 

t{p) > ^So - (Tfe + e) > for aU r G T(A). 
According to our construction, we have 

^(1 _ e) < M . ^ = e < < r{p) 

for all T G r(A), which then implies that I — e < p. As b] ^ [c] (as in Definition 10. 2p . we get 
[1 — e] < [c] (as in Definition 10. 2p . which finishes the proof. □ 
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The following result on the X-theory of the crossed product C*-algebra above follows from 
Pimsner-Voiculescu six-term exact sequence. 

Proposition 2.19. Let A be the crossed product C*-algebra of the minimal dynamical system 
(X X T X T, a X X R^). Then 

Ko{A) ^ C{X,Z^)/{f - f o a-^ : f C{X,I?)} (Bl? 

and 

Ki[A) = C{X, I?)l{.f - / o : / e C{X, Z^)} e Z^. 

Proof. Use j : C{X x T'^) ^ A to denote the canonical embedding of C{X x T^) into A. We have 
the Pimsner-Voiculescu six-term exact sequence: 

KoiCiX X t2)) . Ko{C{X X T2)) Ko{A) 

KiiA) — Ki{C{X X T2)) Ki{C{X x T^)). 

Wc know that 

Ko{C{T^)) ^ A'i(C(T2)) ^ 1} 

and 

K^[C(X)) ^ C{X, Z), K.iCiX))) = 0. 

According to the Kiinneth theorem, A'o(C(X x T^)) ^ C{X,I?) and Ki{C{X x T^)) C{X,Z'^). 
For i = 0, 1, consider the image of id*; — a*;. They are both isomorphic to 

{/-/oa-i; /€C(X,Z2)}. 

The kernel of id*; — a*; for i = 0, 1 is 

{feCiX,Z^):f^foa}. 

Assume that / is in the kernel of id*; — a^,i for i = 0, 1. Fix xq £ X. We have f{a^{xo)) = f{xo) 
for all n e Z. As a is a minimal homeomorphism of the Cantor set X and / is continuous, / must 
be a constant function from AT to Z^. Now we conclude that 

ker(id*i — a*;) = Z^. 

As the six-term sequence above is exact, we have the short exact sequence: 

— > coker(id*o — a^o) — > Ko{A) — > kcr(id*i — a*i) — > 0. 

As ker(idH.i — a*i) = Z^ and Z'^ is projective, it follows that 

A'o(^) = cokcr(id*o - a*o) ffi Z^- 

As coker(id*o - a*o) = C(A, Z^)/{f - f o a: f e CiX, Z^)}, we get 

Ko{A) - C{X, Z^)/{f - / o a : / e C{X, Z^)} ® Z^. 

Similarly, we get that Ki{A) = C(A, Z^)/{f ^ f o a: f e C{X, Z^)} Z^. □ 
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If we require a certain "rigidity" condition on the dynamical system {X x T x T, a x x R^), 
then the tracial rank of the crossed product will be zero. 



Definition 2.20. Let (X x T x T, a x R^ x R^) be a minimal dynamical system. Let fi be an 
a X R^ X -invariant probability measure on X X T x T . It will induce an a-invariant probability 
measure on X defined by ■n{u){D) = fi{D x T x T) for every Borel set D <Z X . We say that 
{X X T X T, a X R^ X R^) is rigid if i: gives a one-to-one map between the a x R^ x Yin-invariant 
probability measures and the a-invariant probability measures. 

Remark: For minimal actions on X x T x T of the type a x R^ x R,,, it is easy to see that tt 
always maps the set of a x R^ x R,,-invariant probability measures over X x T x T onto the set of 
a-invariant measures over X. 



According to Theorem 4.6 in Lin-Phillips , the "rigidity" condition defined above implies that 



the crossed product C*-algebra has tracial rank zero. 

Proposition 2.21. Let {X x T x T, a x R^ x R^) be a minimal dynamical system. If it is rigid, 
then the corresponding crossed product C*-algebra C*{1i,X x T x T,a x R^ x Rjj) has tracial rank 
zero. 

Proof. Use A to denote C*(Z, X x T x T, a x R^ x R^). We will show that 

p: Ko(A) ^ Aff(T(A)) 

has a dense range, which will then imply that TR(yl) = according to [Lin-Phillips[ Theorem 4.6]. 

For the crossed product C*-algebra B = C*(Z, X, a), we know that B has tracial rank zero 
and pB' Ko{B) — > T{B) has the dense range. According to [Putnaml Theorem 1.1], Ko{A) = 
C(X,Z)/{/ - / o a-^}. For every x € Ka{A), we can find / € C(X, Z) such that .t(t) := t(x) 
equals t(/) = J^fdfir- 

As X R^ X R^ is rigid, there is a one-to-one correspondence between (ct x R^ x R7^)-invariant 
measures and a-invariant measures. In other words, T(A) is homeomorphic to T{B) (as two convex 
compact sets). Let h S C{X) be a projection. Then h (E) Ic(TxT) is a projection in A. 

As pb has a dense range in Aff(T(J3)), we have that p has dense range in AS{T{A)). As X x T x T 
is an infinite finite dimensional metric space and a x R^ x R^ is minimal, according to |Lin-Phillips 



Theorem 4.6], C*(Z, X x T x T, a x Rj x R^) has tracial rank zero. □ 



3. Examples 

This section contains examples of minimal dynamical systems of type (X x T x T, a X R^ X Ry^) 
that is rigid. It also contains a concrete example of a minimal dynamical system of the same type 
but is not rigid. 

Wc start with a criterion for determining whether a dynamical system of (AT x T x T, a x R^ x R^) 
is minimal or not. This result is a special case of the remark of page 582 in [Furstenberg] . The 
proof here essentially follows that of Lemma 4.2 of jLMlj . 
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Lemma 3.1. Let Y be a compact metric space, and let /3 x R,, be a skew product homeomorphism 
o/y X T with 13 G HomeoiY), r]:Y^Tand 

(/3 X R^){y, t) = (;3(y), t + i]{y)) with T identified with R/Z. 

Then (3 x is minimal if and only if (Y, (3) is minimal and there exist no f G C(Y, T) and non-zero 
integer n such that 

nr] = f o 13- J. 

Proof. Proof of the "if part: 

If (Y, (3) is minimal and there exist no / G C(Y, T) and non-zero integer n such that nrj = fof3 — f, 
we wiU prove that f3 x R^ is minimal. 

If /3 X R,, is not minimal, then there exists a proper minimal subset E oiYxT. Let Try : Y xT ^ Y 
be the canonical projection onto Y. Note that Try o (/3 x R,,) = /3 o Try. It follows that Try(i?) is an 
invariant subset of Y. As Y is compact, so is 7ry(i?). Since {Y, /3) is minimal, the closed invariant 
set TTyiE) must be Y. 

Let's consider 

D:={t€T: (idy x Rt){E) = E}. 

As (idy X idj){E) = E, the set D is not empty. Note that Z? is a subgroup of T. It follows that D 
is a non-empty subgroup of T (with T identified with the quotient group K/Z). 

If wc have {t„}„gN C D such that tn t, then for any u> € E, wc have (id x Rt„)w G E. Then 
tn ^ t implies that (id x Rt„)w — >■ (id x Rt)w. As E is closed, (id x Rt)w € E. 

So far, we have shown that if t„ G D for rt G N and i„ — > t, then t E D. Note that "{i„}„gN C D 
and tn — >■ f is equivalent to "{— injneN C D and — i„ — > — f . It follows that —t G D. In other 
words, we have 

(id X Rt){E) C E and (id x R_t)(£^) C 

Then we get 

E={idx Rt)((id X R-t)(-B)) C (id x Rt)iE) c 

which implies that (id x Rt)E = E. In other words, D is closed. 

As i? is a proper subset and tty{E) = Y, D must be a proper subgroup of T. Otherwise, for 
any {y,t) G F x T, as 7ry(£;) = Y, there exists t' £ T such that {y,t') G E. Since t-t' € D = T, 
{y,t) = (id X Rt-t'){y,t') G E, which indicates that E = Y x T , contradicting the fact that i? is a 
proper subset. 

As a proper closed subgroup of T, D must be 

|-l with n IDI. 

Let TrT be the canonical projection from FxT onto T. For y G F, use Ey to denote 7rT(£' nTry^({y})). 

Using the fact that is a minimal subset of (/3,R,,), we will show that Ey must be n points 
distributed evenly on the circle for all y G 

We claim that if t, t' & Ey, then for any m G Z, i -t- m{t' — t) must be in Ey. To prove this claim, 
if t,t' G Ey, then there exists {fc„}„£N such that /c„ -> oo and dist((/3 x R^)*^" (y, i), {y,t')) — > 0. 
Note that 

dist((/? X R„)'=" (y, t), (y, t')) = dist((/3 x R^)'^" (y, t'), (y, i + 2(t' - t))). 

It follows that {y,t + 2(<' — t)) G Orbit/3xR^((j/) i))- By induction, we conclude that if t,t' G Ey, 
then for any m G Z, i + m(t' — i) is also in Ey, proving the claim. 
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For any y G Y, consider Ey, which is a non-empty closed subset of T. Let 

ly ~ inf dist(ti, 12). 

Note that if t, t' £ Ey, then t + m(t' -t) € Ey. The fact that Ey C T imphes that ly > 0. It is then 
clear that Ey is made up of 1/ly points distributed evenly on T. 

Claim: For every y £Y, 1/ly ^ \D\. 

For given y G Y, as (id x Kt){E) = E for all t G D, we get that Ey is invariant under Kt for all 
t G D. It then follows that 1/ly = kn with k eN and n = \D\. 
If /c > 1, write 

Ey = {{y,ti), {y,tkn)}- 

Use Orbit^xR,(Sy) to denote Um=i(/3 x ViEy)- 

As /3 is minimal, for every y' e Y, there is a sequence {mk)keti such that 

r'{y)^y'. 

The fact that Orbit^xR, (Ey) is dense implies that there exists t' G T such that {y',t') is in the 
closure of Orbit^gxR^ (-E'y)- Note that for every to S N, (/? x R^)'"(£'j^) consists of kn points 
distributed evenly on the circle. It follows that Ey> contains at least nk points distributed evenly 
on the circle. 

Now we have shown that for every a G Y, Ea is made up of at least nk evenly distributed points 
on the circle, which then implies that D contain at least nk elements. The assumption that k > 1 
gives a contradiction. 

We then conclude that fc = 1, which proves the claim. 

By the claim above, for all y G Y , the set Ey is made up of n points distributed evenly on T. If 
we define 

nE = {{x, nt) : {x, t) G E}, 

then nE is the graph of some continuous map g: Y ^ T. As _B is closed, so is nE, which implies 
that g is continuous. As E is {/3 x RT,)-invariant, for every {x,t) G E, it follows that 

{13 X R^){x, t) = {p{x), t + 7?(.t)) G E. 

In other words, we have n{t + ri{x)) = g(P{x)). As nt ~ g{x), it follows that nrj = g o p — g, which 
finishes the proof of "if part. 

Proof of the "only if part: 

Suppose /3 X is minimal. Then it is clear that {Y, j3) is a minimal system. 

Suppose that there exists nonzero n e Z such that nrj = g o (3 ^ g for some g G C{X, T). Let 

E^{iy,t)GY xT:nt^giy)}. 

For {y,t) G E, we have (/3 x R^){y,t) = {(3{y),t + 7]{y)). As 

"(^ + V{y)) =nt + ni]{y) = g{y) + 7177(2/) = gWiv)), 

it follows that E is {(3 x R^)-invariant. 

As g is continuous, E is closed. And it is clear that _B is a proper subset of F x T. Now we have 
a proper closed (/? x R^)-invariant set in F x T, contradicting the minimality of /3 x R^. □ 
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Lemma 13.11 provides an inductive approach to determine the minimahty of some dynamical 
systems. Fohowing this lemma, we get the proposition below. 

Proposition 3.2. Let a x x R,^ be a homeomorphism of X x T x T. Then a x R^ x R,^ is 
minimal if and only if 

i) {X,a) is minimal, 

ii) is not a torsion element in C{X, T)/{/ o a — /}, 

Hi) For rj S C{X x T, T) defined by f){x, t) ~ ri{x), the map rj is not a torsion element in 



Proof The "if part: _ _ 

Note that {X x T x T, a x R^ x R^) is a skew product of a x R^ and R,,, where R^ is defined by 



From i) and ii), using Lemma 4.2 of jLMlj . {X xT,ax R^) is minimal. According to Lemma 
13. 1[ and by iii), we conclude that a x Rj x R^ is minimal. 

The "only if part: _ 

As (X X T X T, a X Rj X R,,) is the skew product of (AT x T, a x Rj) and R^ : A x T ^ Homeo(T), 
with R^ defined as above, the minimality of (A x T x T, a x Rj x R^) implies the minimality of 
(A x T, a X Rj). By Lemma 4.2 of [LMl] . that implies (i) and (ii). 

For (iii), suppose that rj is a torsion element, that is, there is non-zero n S Z and / e C(A x T, T) 
such that nfj = f o [a X Rj) — /. By Lemma TS. 11 it follows that (A x T x T, a x Rj x R,,) is not 
minimal, a contradiction. □ 

Proposition 13.21 enables us to construct minimal dynamical systems on A x T x T inductively. 
In fact, we have the following lemma. 

Lemma 3.3. Given any minimal dynamical system (A x T,a x Rj), there exist uncountably many 
e [0, 1] such that if we use 9 to denote the constant function in C(A, T) defined by 0{x) = 6 for 
all X ^ X (identifying T with R/Z/, then the dynamical system (A x T x T, a x Rt x Rg) is still 
minimal. 

Proof. Note that the dynamical system (A x T, a x Rj) is minimal. According to Lemma 13.11 
(A, a) must be a minimal dynamical system, and ^ is not a torsion element in 



This implies that conditions i) and ii) in Proposition 13.21 are already satisfied. 

According to Proposition 13.21 for {X x T x T, a x Rj x Re) to be minimal, we just need to find 
6* G R such that for every n G Z \ {0} and / G C(A x T, T), we have 



C(A X T,T)/{/o (a X Rj) - / : / G C(A x T,T)}. 



R^: A X T ^ Homeo(T), with {R^{x,t)){t') = t' + r^{x). 



C(A,T)/{/-/oa:/GC(A,T)}. 



ne^f 



/o(axRj). 



If this is not true, then we have 



nO^f 



fo{ax Rj). 
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Let F : X X T M be a lifting of /. That is, F e C{X x T, M) and the fohowing diagram 
commutes: 




XxT ^ 

with TT{t) = t for ah t e R (identifying T with K/Z). 
Using [F] to denote tt o F, it follows that 

nO = [F] -[Fo{ax R^)] 

= [F -Fo{ax R^)]. 

In other words, there exists g e C{X x T, Z) such that 

n9-{F -Fo{ax R^)) g. 

For every (a x R^)-invariant probability measure ^, we have ii{n9) = fJ.{g), with fi{n9) = nOdfj, 

JxxT 

and fi{g) = / gd/i 

Jxxt' 

Since iJL{n9) = njiiO), it follows that 

n \7i/ 

Let A be the crossed product C*-algebra of (X x T, a x R^). Define 

p : A,a Aff(T(A)) 

by p(a)(T) = T(a) for aU a e and t e T{A). Then we have ^(6*) = p (^-^ in Aff(r(A)). 
Now we have shown that if 8 (as a constant function) is a torsion element in 
C{X X T,T)/{/- /oa; / e C{X x T,T)} 

with order n, then there exists g e C(X x T, Z) such that (o(0) = p (^—^ . 
As T is connected, we have C{X x T, Z) = C{X, Z). Note that the set 

1^: .9 e C{X X T,Z) ^ C(X,Z),7i G Z \ {0}} 

contains countably many elements. It follows that its image under p contains at most countably 
many elements. The fact that [0, 1] contains uncountably many elements and p{6) = if and only 
a 9 = implies that there exists (uncountably many, in fact) 6' e M such that 9 (as a constant 
function) is not a torsion element in 

C{X xT,T)/{f - foa: feC{Xx T,T)}, 

which then implies that (X x T x T, a x R^ x Rg) is still minimal. □ 

We now give examples of rigid and non-rigid minimal actions of on X x T x T. 

Let ipo : T —i' T he a. Denjoy homeomorphism (see jPSSi Definition 3.3] or [KatokHasselblattl 
Prop 12.2.1]) with rotation number r{'y) ~ 9 for some S ]R\ Q. It is known that cpo has a unique 
proper invariant closed subset of T, which is a Cantor set, and that ipo restricted on this Cantor 
set is minimal. Let X be the Cantor set and use ip: X —i' X to denote the restriction of ipQ to X. 
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According to the Poincare Classification Theorem (see [KatokHasselblattl Theorem 11.2.7]), 
there is a non-invertible continuous monotonic map /i : T — > T such that the following diagram 
commutes: 




Using the restriction of ip to the invariant subset (which is the Cantor set X), we get a commu- 
tative diagram: 



X 



X 



It is known that for a Denjoy homeomorphism, h \x maps X onto T. 
Recall that for ^, 77 : T ^ T, the action 

7: {s.tiM) ^ [s + + i{s)M + vis)) 

is called a Furstenbcrg transformation. Consider the action 

a X R^oh X Rrioh :XxTxT^XxTxT. 

It is clear that we have the commutative diagram below : 



(1) 



X xTx T ^ -^X X T X T 



h\x xidxXidT 



T X T X T- 



■T X T X T 



In this case, if 7 is minimal, then a x Rjoh x R^o/i is also minimal, as will be shown in the next 
proposition. 

Proposition 3.4. For the minimal dynamical systems as in diagram iQJ), i/ (T x T x T, 7) is a 

minimal dynamical system, then [X x T x T, a x Rjoh x R,joh) is also a minimal dynamical system. 

Proof. Assume that (T x T x ¥,7) is minimal and (X x T x T,a x R^oh x R,,o/i) is not minimal. 
It then follows that there exist (x,ti,i2) G X x T x T, nonempty open subset D C X and open 
subsets U.V cT such that 



(2) 



Define 



{{a X R^oh X R,^ohT{x,ti,t2)}neNr\{D xU xV) = 0. 
7ri,7r2: X X T X T — ^ T x T 



by 

ni{x,ti,t2) = ti and n2{x,ti,t2) = t2- 
As a is a minimal action on the Cantor set X, the statement [2] implies that for every S N such 
that a'^{x) G D, we have 

(3) TTi ({a X R^o/i X Rnoh)'^{x)) ^ U and tt2 {{a x R^oh x R,,oh)''(a;)) ^ V. 
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Note that if we regard the Cantor set X as a subset of T, then h\x : X — > T is a noninvertible 
continuous monotone function. For the open set D G X, without loss of generahty, we can assume 
that (by identifying X as a subset of T and identifying T with R/Z) 

D = {a,b) n X with a,b e (0, 1) and a < b. 

It then foUows that there exists c,d £ (0, 1) with c < d (without loss of generality, we can assume 
that ^ h\x (D) such that h \x {D) is one of the following: 

(c, d), (c, d], [c,d) or [c,d\. 

In either case, there exists d ,d' £ (0, 1) with c' < d' such that 

(c',d') Ch\x (D). 

Let tx = h\x (x). It is then clear that 

h\x {{a X R^oh X Rr,ohrix,h,t2)) ^j"itx,ti,t2) 

for all n g N. As h\x (D) is monotone, for every fc G N, if Kg{tx) G (c', d'), then we have a''{x) E D, 
which implies (see ^) that 

TTi ((a X R^oh X ^,johf{x,ti,t2)) i U and 7:2 {{a x R^oh x R,^oh)''ix,ti,t2)) i V. 
Define 

pi,P2: T X T X T — >T xT 
by Pi{to, ^1,^2) = ^1 and p2{to, ti, 12) = ^2- It is easy to check that for all n G N, we have 

TT, ((a X R^oh X R,,oh)''(a;,ti,t2)) = Pi {l''{txMM)) ■ 
Then we have that for every fc G N such that R'^{tx) G (c', d'). 

Pi {l^itd^MM)) i U and p2 {i^it^MM)) i V. 
According to the definition of the Furstenberg transformation 7, it follows that 

{7"(ix, tiM)}nm n ((c', d') X f/ X F) = 0, 
contradicting the minimality of 7, which finishes the proof. □ 

The proposition below shows that if the two dynamical systems in Prop 13.41 are minimal, then 
there is a one-to-one correspondence between the invariant measures on them. 

Proposition 3.5. // the dynamical systems (T x T x T, 7) and (X x T x T, a x R^o/i x R,,o/i) (as in 
diagram (QJIj are minimal, then there is a one-to-one correspondence between the a x R^o/i x R,,o/i- 
invariant probability measures and the 'y-invariant probability measures. 

Proof. First of all, we will define the correspondence between the a x R^oh x R,,oh-invariant prob- 
ability measures and the 7-invariant probability measures. 

For simplicity, we use H to denote the function h\x in diagram ([T]). We use 
-A'^axRjofeXRijofe denote the set of a x R^oh x Rj,o/i-invariant probability measures on X x T x T 
and to denote the set of 7-invariant probability measures on T x T x T. 

Define 

If : M„xR;ohxR„ofc — > M7 and V : M7 — > A^^axRjo^ xR.oh 

by 

ip{fi){D) ^ fi{{H X idj X idT)"^(i:»)) and ip{iy){E) ^ v {{H x idf x idT)(£;)) 
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for all Borel subsets £) of T x T x T, Borel subsets E of X xT xT, ^ e MaxR^.^xR^ioh ^nd u <E M^. 
We need to show that the and ip above are well-defined. 

As every fi e AfQxR{ohxR„oh ^ probability measure, it follows that ip{^){^ x T x T) = 1. 
For every Borel subset I? C T x T x T, as both a x R^o/i x K^oh and 7 are homeomorphisms, it 
follows that 

{H X idT X idT)-'(7(i^)) = (a X R^oh x {{H x \dj x \dj)-\D)) , 

which implies that ip{fJ.) is 7-invariant. 

For a sequence of Borel subsets Di,D2, . . . of T x T x T such that Di O Dj ^ ii i j , it is 
clear that (H x idj x idT)~^(-C>i), {H x idj x idT)~^(i?2), ■ • ■ are Borel subsets of X x T x T (as 
H X idx X idj is continuous) satisfying {H x idj x idT)^"^(£'i) n{H x idj x idT)^"^(-Dj) = if i 7^ j. 
Then we have that 

(00 \ 00 
n=l / Ti = l 

So far, we have shown that is a well-defined map from MaxRi:ahxR,,oh Mry. 
Now we will check the map ip. 

As every v € is a probability measure, it follows that 

^iiy){X X T X T) = i^(T X T X T) = 1. 

For every Borel subset E' C X x T x T, we will show that '4>{v){E) is well-defined. According to 
the definition of i^iv), we just need to show that [H x \df x idT)(-E) is (/-measurable. 
For any two open subsets Si and 5*2 of X x T x T, we have 

{H X idT X idT)(S'i U ^2) = {H x idf x idT)(S'i) U (iJ x idf x idT)(S'2), 
[H X idT X \dj){S'r) = {{H X idT X idT)(50)^ for t=l,2. 
As H is not one-to-one, we cannot get 

(H X idT X idT)(5'i n ^2) = {H x idj x idT)(S'i) (1 {H x idj x idT)(S'2), 
but we still have 

{H X idT X idT)(S'i n ^2) d {H x idj x idT)(5i) (1 {H x idj x idT)(S'2). 

We win consider {{H x idT x idT)(5'i) H (H x idj x idT)(5'2)) \ {H x idj x idT)(5i n 6*2). 

Note that H is just the restriction of ft. to X, where ft, is a noninvcrtible continuous monotone 
map from T to T (see [KatokHasselblattl Theorem 11.2.7]). It follows that iJ : X —> T is one-to-one 
except at countablely many points of X. Use Xq to denote this subset consists of countably many 
points. Then we have that 

{{H X idT X idT)(5i) r\{Hx idT X idT)(S'2)) \{Hx idj x idT)(S'i n ^2) C H{Xo) x T x T. 

As i'{T X T X T) = 1 and the minimal action 7 has the skew product structure, it follows that 
for every t e T, u{{t} x T x T) = 0, which then implies that viH{Xo) x T x T) = 0. Then we get 
that 

{{H X idT X idT)(5i) n (i/ X idT X idT)(52)) \ (H X idj X idT)(5i H 52) 

is of measure zero for all 7-invariant measure v. 

For two sets A and B, we use A A S to denote {A n B") U (A" n B). 

For every Borel subset F of X x T x T, as F is generated by open sets via taking complements, 
countably many unions and intersections, it follows that there exists a Borel set F' , such that 

{H X idj X idT)(F) A F' 
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is of measure zero for all 7-invariant measure v. Note that F' is a Borel set. For every 7-iuvariant 
measure v, F' is both i/-measurable. It then follows that [H x idTXT)(i^) is measurable. Recall 
that 

V'M(^^) = l'((i/xidTXidT)(^^)). 

It follows that for V'(^) is well-defined on all the Borel subsets of X x T x T. 

For a sequence of Borel subsets Ei,E2, ■ ■ ■ of X x T x T such that n Z?^ = if i ^ j, and for 
every 7-invariant probability measure v, we will show that 



\n = l / Ti=l 

According to the definition, we have 

^(ly) y E,}j =iy(^{Hx idj x idx) \J E,}j j 

Note that 

(^{H X idT X idT) 1^ p E^j ^ = (^lj{H X idT X idT)(£;„) j 

and 

{H X idT X id^){E^) D {H x idj x idT){Ej) C H{Xo) x T x T for i 7^ j. 

Recall that H{Xq) x T x T is a set of measure zero for every 7-invariant probability measure. It 
follows that 

(00 \ 00 
\_\e A -^vM(K). 

For every Borel subset E' C X x T x T, according to the commutative diagram ([T]), we have 
(7 o (i7 X idx X idT))-E = {{H x idf x idx) o (a x R^oh x R,,oh.)) [E). 
It then follows that 

ip{iy){E) = iy{{H X idT X idT)£') 

= zy(7 {{H X idf X idT)£')) 

= {{H X idT X idT)((a x R^oh x Rr^oh)E)) 

= i'{v) ((a X R^oh X Rj^ohjE) , 

which implies that ip{i') is a x R^oh x R^o/i-invariant. 

So far, we have shown that -0 is a well-defined map from to MaxR^ohX^i^oh- 

Now we will show that for every a x R^oh x R,p/i-invariant measure fi and 7-invariant measure 

u, we have 

{(fi o il^){h') — V and {ip o ip)(ii) ~ /i. 
In fact, we just need to show that for every Borel subset of T x T x T and every Borel subset 
E oi X xT xT, 

(4) V {{H X idT X idT)((iZ X idj x idT)-\D)) A D) = 
and 

(5) /i {{H X idT X idT)"^((-ff X idT X idj){E)) A E) = 0. 
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As 

{H X idx X idT){{H X idx x idT)"^^)) = D, 

the equation (|1]) holds. 
Note that 

{{H X idT X idT)~^((i? x idj x idT)(-B)) AE) C XqxT xT. 

The fact that consists of countably many points and the minimal action a x R^oh x R-rjo/i has 
skew product structure implies that 

h{Xq X T X T) = 0. 

It then follows that the equation ([S]) holds, which finishes the proof. □ 

By Proposition 13.51 above, there is a one-to-one correspondence between the a x R^o/i x Rrjoft- 
invariant probability measures and the 7-invariant probability measures (because if two measures 
coincide on all the Borel sets, they must be the same measure). 

It follows that a minimal Furstenberg transformation on T'^ that is uniquely ergodic will yield 
an example of a rigid minimal action on X x T x T, and a minimal transformation on T'^ that is 
not uniquely ergodic will yield an example of a non-rigid minimal action on X x T x T. 

Example 3.6. This is an example of rigid minimal dynamical system {X x T x T, a x Rj x R,;). 
Let (X, a) be a Dcnjoy homcomorphism with rotation number 61 G M \ Q. 

Choose 62, ^3 such that 1 , 6*1 , 6'2 , 6*3 e R arc linearly independent over Q. That is, if Aq, Ai, A2, A3 e 
Q and satisfy 

Ao + Ai^i -t- A202 + A3^^3 = 0, 

then Ai = for i = 0, . . . , 3. 

The dynamical system (T x T x T, Rg-^ x Re^ x Re^) is minimal and uniquely ergodic. 
Define ip: X ^ Homeo(T2) by 

^(a;)(zi,Z2) = (zie2-^%Z2e2-«-^). 

As (T X T X T, Rgj X Rg^ x Re^) is uniquely ergodic. so is {X xT'^,ax (p). This gives an example 
of a rigid minimal dynamical system (X x T x T, a x R^ x R^). 

Example 3.7. We will give an example of minimal dynamical system (AT x T x T, a x Rj x R,,) 
such that it is not rigid. 

According to [Furstenberg| (see page 585), there exists a minimal a Furstenberg transformation 

70 : — > 

such that 

7o(zi, 22) = (zie^''*^ /(zi)z2) for some 6* G M \ Q and contractible / G C(T, T), 
and 7o is not uniquely ergodic. 
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Let (T, if) be a Denjoy liomeomorphism with rotation number 9. Let (X, a) be the minimal 
Cantor dynamical system derived from (T, (^) which factors through (T, Rg). In other words, a = 
tp \x and we have the commutative diagram 

(6) 




with tt: X T being a surjective map. 

Define X ^ Homco(T) by £,{x){z) ~ /(7r(x))z. We can then check that the following diagram 
commutes: 



X xT- 



■X xT 



TT X idir 



r X id-ir 



qp2 



As TT is surjective, so is tt x idf. Minimality of 70 then implies minimality of a x R^. As 70 is 
not uniquely ergodic, similarly to the proof of Proposition 13. 5[ it follows that {X x T,a x R^) is 
not uniquely ergodic. 

In the commutative diagram ([6]), note that tt is onto, and (T, Kg) is uniquely ergodic. It follows 
that {X, a) is also uniquely ergodic. 

As {XxT, axR^) is not uniquely ergodic, there exist more than one (axR^)-invariant probability 
measure. Let fi and v to be two such measures on X x T that are different from each other. 

According to Lemma 13. 3[ there exists G M such that if we use Rg to denote the function in 
C(X,Homeo(T)) defined by 



for all X S X and z S T, 



then the dynamical system (X x T x T, a x R^ x Rg) is still minimal. 

Use m to denote the Lebesgue measure on T. For the {a x R^)-invariant probability measures ^ 
and V, as Re is a rotation of the circle, we can check that both fi x m and v x m are (a x R^ x Rg)- 
invariant probability measures on X x T x T. 

As fi and v are different measures, it is clear that x m is different from v x m. 

Now we have at least two (a x R^ x Re)-invariant measures. Note that (X, a) is uniquely ergodic. 
We have that the dynamical system (X x T x T, a x R^ x Rg) is not uniquely ergodic. 

Remark: For this example, the corresponding crossed product C*-algebra has tracial rank one 
and the dynamical system (X x T x T, a x R^ x Rg) is not rigid. The reason is as follows. 

Consider the dynamical system (X x Ti, a x R^). It is not uniquely ergodic. As (X, a) is uniquely 
ergodic, it follows that (X x Ti,a x R^) is not rigid. 

Use A to denote the crossed product C*-algebra C*(Z, X x Ti, a x R^). According to Theorem 
4.3 of |LM2j . the algebra A has tracial rank one. By Proposition 1.10 (1) of |Ph2| . pa{Kq{A)) is 
not dense in Aff(r(A)). 

Note that A is an AT-algebra. According to Theorem 2.1 of |EGL| . A is approximately divisible. 
By Theorem 1.4 (e) of jBKRj . and noting that real rank of A is not zero (as tracial rank of A is one 
and A is AT-algebra), we have that the projections in A does not separate traces of A. In other 
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words, there exist two (a x R^)-iiivariant measures ^ and v such that 

[i.^ V, and [i{x) = v(x) for aU x G Kq(^A). 

Define measures n-x , vx by 

Hx{D) ^ fj.{D xT) and i^x{D) ^ i^{D x T) 

for aU Borel sets D <Z X. It is clear that both ^x and vx are a-invariant probabihty measures on 
X. 

Note that C{X, Z) is generated by the projections in C{X). Also note that the C-linear span of 
C(X, Z) is dense in C(X, R). The fact that the projections in A do not separate /x and v implies 
that C (X, Z) do not separate jix and vx , which then implies that ^x = vx ■ 

Use B to denote C*{'L,X x Ti x T2,a x x Rg). Let m be the Lebesgue measure on T. It is 
clear that ji x m and v x m are two (a x R^ x R6))-invariant probability measures. 

We will show that the projections in B do not separate fi x m and v x m. 

From Proposition l2.19( 

(7) Ko{B) = C{X, Z2)/{(/, g) -{f,g)oa-^: f,ge C{X, Z)} e Z e Z. 

The two copies of Z correspond to the two generalized Rieffel projections ei and 62, given by 
ei ~ giu* + fi+ ugi, and 62 = g2U* + /2 + W92, where e^, fi, gi are defined similarly to the functions 
defined in Section 6 of [LMlj . fi{x, zi, Z2) = fi{x, zi, Z2) and f2ix, zi, Z2) = fi{x, z[, Z2) for all 

zi,z[ e Ti,z2,z^ e T2. 

As the projections in A do not distinguish /i and i', it follows that the elements in Kq{B) that 
correspond to the first two summands of [7] do not separate fi x m and u x m. 

For the generalized Rieffel projection 62, as f2{x, zi, Z2) is independent of zi, we have 

f{x,zi,Z2) = F2(x,Z2) for some F £ C{X x T2,K). 
Recall that for a measure a on X and / e C'(Ar), we use cr(/) to denote f{x) d/i (see Section 
©• We check that ^ m)(e2) = x 771) (/2) 

/2(x, zi,Z2) d(/i X m) 

(Jt xTi)xT2 

F2(x, Z2) d(^x X m) 

XxT2 

^2(2;, Z2) d(i/x X m) 

XxT2 



/2(x, 2:1,22) d{iy X m) 

'(XxTi)xT2 

= (j^ X m)(/2) 
= (i^ X m)(e2). 

Then we have shown that 62 does not separate /i x to and u x m cither, which then implies that 
the projections in B cannot separate traces of B. 

According to Theorem 1.4 of |BKR| . the real rank of B is not zero. Then it follows that the 
tracial rank of B is not zero. 

By Theorem 12. 181 the tracial rank of B must be one. 

According to Proposition l2.211 the dynamical system (AT x T x T, a x R^ x Re) is not rigid. 
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4. Approximate Conjugacies 

In this section, wc start with a sufficient condition for approximate K-conjugacy between two 
minimal dynamical systems {X xT x T,a x Rj^ x Ri,i) and (X x T x T, /3 x Rj^ x Rj^a)- Then we 
give an if and only if condition for weak approximate conjugacy of these two dynamical systems, 
showing that weak approximate conjugacy just depends on a and /3. In Theorem 14.121 an if and 
only if condition for approximate K-conjugacy between these two dynamical systems is given. 

In |LM3j ■ several notions of approximate conjugacy between dynamical systems are introduced. 
In |LM1| . it is shown that for rigid minimal systems on X x T (with X being the Cantor set and 
T being the circle; see Definition 3.1 of |LMlj ). the corresponding crossed product C*-algebras are 
isomorphic if and only if the dynamical systems are approximately K-conjugatc. 

For two minimal rigid dynamical systems {X x T x T, a x R^ x R^) and {X xTxT, /Sx R^^ x R^^ ) , we 
study the relationship between approximate K-conjugacy and the isomorphism of crossed product 
C*-algebras. 

We start with basic definitions and facts about conjugacy and approximate conjugacy. 

Definition 4.1. Let X, Y be two compact metric spaces, and let a € Homco(X) and j3 S Ilomeo(y) 
he two minimal actions. We say that (X, a) and (y, /3) are conjugate if there exists a € Homeo(X, Y) 
such that a o a = (3 o a . We say that {X, a) and (y, (3) are flip conjugate if (X, a) is conjugate to 

or (y,r'). 

Definition 4.2. Let X,Y he two compact metric spaces, and let a E Homeo(X) and [3 G Homeo(y) 
be two minimal actions. We say that (X, a) and (Y, /3) are weakly approximately conjugate if there 
exist (T„ G Homeo(X, Y) and 7„ S IIomeo(Y, X) for n G N such that 

dist(/ o (T„ o a, / o /3 o (T„) — > and dist((7 o a o 7„, o --yn o /3) — > as n —> oo 

for all f G C{X) and g G C{Y), where dist(/i,/2) is defined to be sup^.^^) dist(/i(a;), /2(x)) for all 
continuous functions fi, /2 on the metric space D. 

It is clear that if two minimal dynamical systems are conjugate, then they are weakly approxi- 
mately conjugate. Generally speaking, the inverse implication does not hold. 

Now we will recall the definition of C*-strong approximate conjugacy (which is defined by Huaxin 
Lin in jLin4| ) . 

Given minimal dynamical systems (X, a) and (Y, j3) , if they are fiip conjugate, then it is easy to 
check that the corresponding crossed product C*-algebras C*(Z,X, a) and C*(Z, F, /3) are isomor- 
phic. 

According to |Tomiyama| (Corollary of Theorem 2), for two minimal dynamical systems (X, a) 
and (F, /3), there exists an isomorphism 

<p: C*(Z,X,a) C*(Z,r,/3) 

satisfying if{C{X)) = G{Y) if and only if these two dynamical systems are flip conjugate. 

In view of Tomiyama's result above, C*-strong approximate flip conjugacy is defined as below. 
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Definition 4.3 (See [Lin4| ) . Let (X, a) and {X,l3) be two minimal dynamical systems such that 
TR(C* (Z, X, a)) = TR(C*(Z, X, /?)) = 0, we say that {X,a) and {X,/3) are C* -strongly approxi- 
mately flip conjugate if there exists a sequence of isomorphisms 

(/9„ : C* (Z, X, a) C* (Z, X, (3), iA„ : C* (Z, X, (3) C* (Z, X, a) 

and a sequence of isomorphisms Xn, An : C{X) — > C{X) such that 

1) [pn] = [</5m] = VPn^] in K L{C* [Z, X , a) , C* {1, X , o)) for allm.ne n, 

2) lim Wtpn o jaif) - 3[j o Xn{f)\\ = and lim o - j„ o A„(/)|| = for all f E C{X), 

n— >oo n— >oo 

with ja,jp being the injections from C'{X) into C* {li, X,a) and C* (Z, X, /3). 



Some notation will be introduced before the next result about C*-strong approximate conjugacy. 

Let y4 be a separable amenable C*-algebra that satisfies Universal Coeffieient Theorem. For 
6 E KL{A, B), there are induced homomorphisms T{6)i: Ki{A) — s- Ki{B) for i = 0, 1. Define 
Pa - Asa — > AS(T{A)) by pAia){T) = r(a) for aU a E A^a and r E T{A). Suppose A and 
B are two unital simple C*-algebras with tracial rank zero and 7: A'o(^) ^ Kq{B) is an order 
preserving homomorphism. As A has real rank zero, 7 will induce a positive homomorphism 
7p: Aff(r(A))^Aff(T(i?)). 

The theorem below ( |Lin4i Theorem 2.5]) gives one necessary condition for C*-strong approxi- 
mate flip conjugacy between two crossed product C*-algebras. 

Theorem 4.4. Let (AT, a) and {X, (3) be two minimal dynamical systems such that the corresponding 
crossed product C*-algebras Aa and Ap both have tracial rank zero. Then a and (3 are C* -strongly 
approximately flip conjugate if the following holds: There is an isomorphism x'- C{X) — )■ C{X) and 
there is 6 E L\L{Aa, A^) such that T{9) gives an isomorphism 

V{e) : (ifo(A„), Xo(^a)+, [1], ifi(^a)) ^ {Ko{Ap),Ko[Ap)+, [l],KMp)), 
and such that 

[ja] X = o x] mKL{C{X),Ap) 

and 

PAf, o j/3 o X(/) = ((r(6')o)p) o PA^ o 

for allfEC{X)sa. 

If Ki{C{X)) is torsion free, then a simplified version of this result holds ( |Lin4| Corollary 2.6]). 

Corollary 4.5. Let X be a compact metric space with torsion free K -theory. Let (AT, a) and (AT, j3) 
be two minimal dynamical systems such that TR(^q) = TR(y4^) = 0. Suppose that there is an 
order isomorphism that maps [1aJ\ to [l/i^].' 

7: {Ko{A^),K^{A^)+, [l^J, ifi(A„)) ^ {Ka{Afi),KMfi)+, [lA,],Ki{Ap)), 

such that there exists an isomorphism x'- C{X) — > C{X) satisfying 

7 ° {:ia)*i ^ Up o x)*i for i = 0, 1 and jp o j„ = p^^ °ji3°X on C{X)sa- 

Then (X, a) and (A", /3) are C* -strongly approximately flip conjugate. 
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In the rest of this section, for a minimal homeomorphism a on the Cantor set X, we will use 
{X, a) to denote the ordered group 

C{X, !?)/{! - / o a-1 : / e C{X, I?)} 

with the positive cone being (denoted by K'^{X, a)+) 

C{X,D)/{f-foa-^:feC{X,I?)} 

where D is as defined in Lcmma ll.lll In K'^\X,a), we define the unit clement to be 

[(1, 0)c(x,z^)] e C{X, !?)/{} - f o a-' : / G C{X, Z^)}, 

with (1, 0)c'(x,z2) being the constant function in C{X,Z'^) that maps every x £ X to (1,0) e Z^. 
We use lifO(x,a) to denote this unit element. 

Lemma 4.6. Let X be the Cantor set. For every minimal action a G Homeo{X) , if there is an 
order isomorphism 

if. (if"(X,a),i^"(X,a) + ,lKO(;f^„)) ^ {K''{X,P),K''{X,P) + ,Ik«(x.p)), 

then there is an order isomorphism 

(p: {C{X, I?),C{X, D), (1, 0)c(x,z^)) ~^ {C{X, Z^), C{X, D), (1, Q)c(x^z-)) 

such that the following diagram commutes: 

(8) (C(X, Z2), C{X, D)) ^ (C(X, I?), C{X, D)) 



{K\X, «), K\X, a)+) ^ (if 0(X, /?), if °(X, /?)+) , 

where tTq, tt^ are i/ie canonical projections from C{X, 1?) to K'^{X, a) and if*'(X, /?). In fact, there 
exists a G Homeo{X) such that ip{F) = F o cr^^ /or F e C(X, Z^). 

Proof. The proof is based on jLM3[ Theorem 2.6]. 
Define iCO(X,a) to be 

C(X, Z)/{.g - .go : g G C(X, Z)} 

and K°{X, a)_^ to be 

CiX, Z+ U {0})/{g - 5 o : 5 e C(X, Z)}. 

We can check that (if "(X, a), if ^(X, gives an ordered group with order unit. 
Define 

h: if°(X, a) ^ KO{X,a) by h{[f]) = [/i] 

for every f = {f^J^) G C(X, Z^), with /i, /a G C(X, Z). 

From the definition, we can check that h is surjective and /i(if °(X, (1)+) = K^{X,a)_^. 
For the isomorphism 

^: {K°{X,a),K°{X,a)+) ^ (if °(X, /3), if "(X, /?)+), 

define 

^0 : K"{X,a) ^ ifO(X,/3) by ^o([/]) = h{^{[{f, 0)])) 

for aU / G C{X,Z). 
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Suppose that there exist /i, /2, 5 e C{X, Z) such that fi — f2 = g — 9°ct ^. Then it follows that 
(/i,0) - (/2,0) = (5,0) - (.9,0) o which implies that ip{[{fuO)]) = (^([(/i, 0)]). It is now clear 
that ifQ is well-defined. 

Note that (fioil^cix.z)]) = 0)c(x,z2)]))- As (p is unital, (p{lK"{x,a)) = ^K"ix.i3), which 

then implies that ^oi[^c{x,z)]) = '^([(1, 0)c{x,z^)]) = [^c(x.z)]- We can now claim that ipo is unital. 

For any / e C(X, Z+ U {0}), fo{[f]) = HviiifjO)]))- As both ip and h are order preserving, (po 
is also order preserving. 

So far, we have that ipo: K'^{X,a) — )■ K'^{X,f3) is untial and order preserving. According to 
jLM3[ Theorem 2.6], there exists a continuous order preserving map 

^ : {C{X, Z), C{X, Z)+, -> {C{X, Z), , C{X, Z)+, lc(x,z)), 

such that the following diagram commutes: 

(9) {C{X, Z), Z)+) ?^ ^ {C{X, Z), Z)+) 



{KO(X, a), K^iX, a) + ) /3), if "(X, /3)+) . 

Now we need to construct the unital positive linear map 

^: {C{X,Z'),C{X,D)) ^ {C{X,Z^),C{X,D)), 

such that diagram ([8|) commutes. 

For the (po we get, note that is a unital positive isomorphism from Ko{C{X)) to Ko{C{X)). 
As C{X) is a unital AF-algebra, by the existence theorem of classification of unital AF-algebras, 
there exists an isomorphism ip: C{X) C{X) such that (identifying Kq{C{X)) with C{X,Z) and 
KoiC{X))+ with C(X,Z)+) 

^,0 : iC{X, Z), CiX, Z)+, [1]) ^ (C(X, Z), C(X, Z)+, [1]) 

coincides with i^. 

As ip is an isomorphism, there exists a: X ^ X such that ip{f) = / o cr^^ for all / € C'(Ar). 

Define ^: C(X,Z2) ^ C(X,Z2) by ^((/,ff)) = (V(/),V'(5)) for all /,g G C{X,Z). In other 
words, ^((/,5)) = {f,g) o for all (/,ff) G C(X,Z2). 

For the ip above-defined, it is easy to check that it is unital and linear. It remains to show that 
ip maps positive cone to positive cone, and makes the diagram commute. 

For every {f,g) G C{X,D), we get (?((/,5)) = (/,g) o a-\ As {f,g) G C{X,D), it is clear that 
if J 9) ° £ C!{X, D). So far, we proved that is a positive map. 

We can check that 

7^/3 ° 9)) = 7r/j(/i(/),/i(g)) 

= 7r/3(^(/),<A)(g)) 

= 7r^(^(/),0) + 7r^(0,i^(g)) 

= (T^°^(/),0) + (0,^;jo^(.g)) 

= (¥.oo<(/),0) + (0,^oo<(g)) 

which implies the commutativity of diagram (|5]). 
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As fiif, g)) = {f,g)°o- ^ for all /, g G C{X, Z), we get that (p is an isomorphism, which finishes 



the proof. 



□ 



Theorem 4.7. Let {X xT xT,ax Rt^ x R,,^ ) and {X xT xT,(3x R^^ x R,,^ ) be two minimal rigid 
Cantor dynamical systems. Use A, B to denote the two corresponding crossed product C*-algebras. 
According to Provosition \2.1^ K^{X,a) is a direct summand of Kq{A) and K'^(X,l3) is a direct 
summand of Kq{B) . Let 

3 A ■■ K"{X, a) KoiA) K"{X, a) © and js ■ K°{X, /3) Kq{B) ^ /^"(X, a) © 

he defined by 

jA{x) = (.T,0) and jsix) = (x, 0). 

// there is an order preserving isomorphism p from Kf){A) to Kq[B) that maps K^{X,a) onto 
K^(X,j3), then these two dynamical systems are C* -strongly approximately conjugate. 

Proof. We have the following commutative diagram: 

p 



Ko{A) 



3A 



K°{X,a) 



pUo(x,o) 



- Ko{B) 

3B 

■K°{X,(3) 



According to Lemma |4.6[ we can lift 

to 

p: C{X,I?) C{X,Z^), 
which will yield the commutative diagram 

p 



KoiA) 



K°{X,a) 



C{X,I?) 



p\kO(x,c.) 



Ko{B) 

3B 

K^{X, P) 



C{X,I? 



In fact, according to Lemma l4!6l there exists a G Homeo(X) such that p{F) ~ F o a ^ . Define 

X: C{X X T^) ^ C{X X T^) 

by x(/) = fo{(TX idT2) for all / e C{X x T^). 

According to the Kiinneth Theorem, we get that Ko{C{X x T^)) ^ C{X,I?). By Lemma [T31 
if we identify Ko{C{X x T^)) with C(X,Z2), the positive cone wiU be identified with C(X,D), 
with D as defined in Lemma 11.31 Choose x ^ X. According to Lemma ll.lli we know that 
Ka{Ax) ^ K'^{X,a) and KoiB^) = K°{X,I3), with A^, B^ being the subalgebras of A and B, as 
in Definition lO.il 
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Now we have the commutative diagram 

Ko{A) Ko{B) 

Ua),0 (j>).0 

Ko{C{X X T2)) ^ Ko{C(X X T2)) . 

Note that p is induced by the x- C{X x T^) — > C{X x T^) defined above. We have shown that 
P° ija)*i = {jpox)*i, i = 0, 1. 

We will show that o = ° jp ° X on C{X)sa- 

For every tracial state r g T{C* {Z, X, P)), we know that it corresponds to a /3-invariant proba- 
bility meausure fiB (in such sense that T(a) = fi{E{a)), with E being the conditional expectation 
from C*(Z,X,/3) to C{X)). 

For every /3-invariant probability measure /i^ on X, if we use v to denote standard Lcbesgue 
measure on T, it is then clear that fis x v x v is (3 x x R^^ -invariant. As the dynamical system 
{X xT xT,/3 X X Rjjj) is rigid, for every (3 x R^^ ^ Rr,2 -invariant probability measure, it must 
be /i X u X u, with /i being an /3-invariant probability measure and v being the Lcbesgue probability 
measure. 

Note that A denotes C*{Z,XxTxT,ax R^^ x R,„ ) and B denotes C* (Z, X x T x T, ^ x R^, x R,,^ ) . 
According to Proposition l2.19[ the fact that Ko{A) is isomorphic to Ko{B) implies that Ki{A) is 
also isomorphic to Ki{B). According to Proposition 12.211 the tracial rank of A and B are both 
zero, thus classifiable via the K-data. 

Let ip: j4 ^ _B be the C*-algcbra isomorphism such that 

^,o: Ko{A)^Ko{B) 

coincides with the p in the statement. Define 

if* : T{B) — > T{A) 

as ip*{TB){a) = TBifia)) for all a e A and tb E T{B). 

Note that a C*-algebra with tracial rank zero must have real rank zero. We can now claim that 
for every a £ C*(Z, X, a)sa and tb G T{B) given by /is x w x w, 

ilp ° ja{a)){TB) = (p*{TB){a). 

Consider 

a = f®g®he C{X X T X T),.^ C A^a 

with / e C{X)sa,g £ C{T)sa and h e C{T)sa, and use ta to denote ip*{tb)- As Q; X R^^ X ^rii is 
rigid, there exists an a-invariant measure such that TA(a) = (/i^ x w x v){E{a)), with E being 
the conditional expectation from A to C{X x T x T) and v being the Lebesgue measure on the 
circle. It follows that (7^ ° ia{o)){TB) = TA{a) = ^^aH) ■ v{g) ■ v{h). 
As for {{pA/j ° .7/3 ° x)('3^))(''"s), we know from the definition that 

iiPAp ° jp ° x)ia)){TB) = TBixif (E> g (E> h)) = (HB ^ V X v){x{f ® ® h)). 

Recall the definition of x- We have 

{^.B xvx v){x{f g h)) = /ii3(/ocr-i) -vig) -vih). 

If we can show that pbH ° o"^^) = PaH): then it follows that 

(/is X w X v){x{f ®g®h))^ fiAif) ■ v{g) ■ v{h) = {p.AXvx v){f (g)g(g)h), 
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and we can then get 

7p ° 3a = PAf, °jp°X on C(X X T^)^^. 
We will show that for all / S C{X, Z) and fiA,fJ-B as given above, we have o a~^) = f^Aif)- 
If that is done, noting that the C-linear span of C{X, Z) is dense in C{X)sa, we get HbH ° o"^^) = 
for aU / e C{X). 
According to our notation, for g G C{X), we have 

MA(ff) = (yUA X V X v){g (X) idj <Si idj) 
= TA{g <E) idT <E) idj) 
= (p*{TB){g <E) idT <^ idT) 
® idT ® idT))- 

According to digram ([9]) in the proof of Lemma 14.61 we have the commutative diagram 
(10) Ko{C{X)) ^ ^KoiCiX)) 



Ko{C*{Z,X,a)) -ifo(C*(Z,X,/?)) , 

where C* (Z, X, a) and C* (Z, X, (3) are the crossed product C*-algebras of dynamical systems {X, a) 
and {X,/3) respectively, ipo- arc order preserving isomorphisms, and agrees with x as a map 
from C(X,Z) to C(X,Z). 

By the proof of Lemma HH for all / e C(X,Z), if we identify C(X,Z) with Xo(C(X)), we get 

From the commutative diagram PH)) . we can conclude that (although we cannot claim that 
Lp{f (g) idT ® idi) = x(/) ® idT ® idT) 

TBMf ® idT ® idT)) = TBixif) ® idT <8) idT). 

As xif ) ~ f ° cr^^j it follows that 

Ma(/) (ma X i; X i;)(/ ® idT <S) idj) 

= TA{f <E) idT idT) 

= (p*{TB){f <E) idT (81 idT) 

= t-s(v(/ ® idT ® idT)) 

= TBixif) ® idx ® idT) 

= /^s(x(/)) 

= /is(/ocr"^)- 

Now we have that ma(/) = M-b(/ ° cr^^) for all / e C{X,Z). Note that the C-linear span of 
C{X,Z) is dense in C{X), we get 

AiA(/) = Mb(/ ° ^^"') for all f G C(X),,. 

As both dynamical systems a x R^^ x R,,jj and /? x R^^ x R^^j are rigid, by Proposition 12.211 we 
have TR(A) = TR(S) = 0. According to Corollary 14. 5[ these two dynamical systems (AT x T x 
T,a X R^j X R,,i) and (A x T x T,/3 x R^^ x R,,2) are C*-strongly approximately conjugate. □ 
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We studied the weakly approximate conjugacy between to dynamical systems a x R^^ x R^^ and 
P X R^2 X R^2 Etnd give an if and only if condition for the weakly approximate conjugacy. 

For minimal homeomorphisms a x R^^ x R^^ and /3 x R^^ x R^j , the following lemma shows that 
whether they are weakly approximately conjugate or not is determined by a and /3 only, and has 
nothing to do with R^^ and R,,. for i ~ 1,2. 

Lemma 4.8. Let (X, a) and (X, /3) be two minimal Cantor dynamical systems. For continuous 
maps ^1, ^2, ??2 : -'i^ — J- T, (X x T x T, a x R^^ x R,,J and (X x T x T, /? x Rj^ x R,,^) are weakly 
approximately conjugate if and only if {X, a) and {X, P) are weakly approximately conjugate. 

Proof. The "if part: 

For every e > 0, we will show that there exists an G Homco(X x T x T) such that 

dist((T„ o a o a^"^ ^(3) < e. 

As {X, (3) is a minimal Cantor dynamical system, there exists a Kakutani-Rokhlin partition 

{Xs^k : l<s<n,0<k < h{s)} 

such that h{s) > 5/e, and diam(Xsj) < e/5, where diam{Xsj) is defined to be sup^ y^x^ j dist(x, y). 

For any two clopen sets -^si,ji and ^S2,i2 in the Kakutani-Rokhlin partition, there exists 
Ssi,ji;s2,j2 > such that if x,?/ G Xs^.j^ U^S2j2 ^-nd dist{x,y) < 5s^.j^:s2.j2^ then cither x,y £ Xs^.j-^ 
OT x,y e Xs2,j2- 

Let S = min(5sj;s'.j', where Xsj and Xs'.j' traverse through all pairs of distinct clopen sets in 
the Kakutani-Rokhlin partition above. 

As {X,a) and {X,P) are weakly approximately conjugate, there exists 7„ G Homco(X) such 
that 

dist(7 o a o j~^{x), < S. 

According to the definition of S, it follows that for every X^^j in the Kakutani-Rokhlin partition 
above, we have 

7oao7-i(X,^^.) =/3(X,,,). 
Without loss of generality (replacing a with 7 o a o 7""'^), wc can assume that a and /3 satisfies 

a{X.,^,)=(3{Xs,,). 

Identify T with R/Z, and define tt by tt: M ^ K/Z, t>-^t + Z. For all x G X^^o, define h{x) = 0. 
For x G Xg^k with < < h{s), define 

k 

/i(^) = E(^2-ei)(«-^'(^)). 

i=i 

As ^1 and ^2 are both in C{X, T), it follows that the above defined /i is a continuous function from 
X to T. 

For X G Xs.k, define 

h{s) 

giix) =Y.{^2-^i){a-\a'^^^^-\x))). 

It is also clear that gi £ C {X, T) . 

As X is totally disconnected, we can divide X into Uj.^iA'fe, with every Xk being a clopen 
subset of X satisfying dist{h{x) , h{y)) < j for x,y in the same X^. For gi , wc can lift it to 
continuous function Gi^k- Xk — >■ [0 — |;, 1 + i] satisfying gi\xk = ^ ° Gi^^. 
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Define Gi : X — > M by setting Gi{x) to be Gi^k{x) if a; e Xk- It is tlien easy to clieck tfiat Gi is 
a lifting of gi satisfying 

gi = TT o Gi and Gi{x) e [0 - ^, 1 + for all x e X. 



For X G Xs.k, define 

= fi{x) 

Similarly, define /2(a:) = if a; G Xg^o and 



Gijx) ■ k 
h{s) 



for a: G X^jt with < fc < h{s). Define 



h{s) 



As X is totally disconnected, we can find a lifting G2 G G(X, M) such that 

f/2 = TT o G2 and G2 (x) G 



1 1 



for all X G X. 

For X G Xs,fe, define 

^2(2;) • k 
S2[x) = /2 a:) —— hZ. 

For the si and S2 we have defined, it is easy to check that they are continuous function from X to 
I. According to our identification, we can regard si and S2 as functions in G(X, T). 
We will show that (idjsf x R^^ x R^^ ) will approximately conjugate a x R^^ x R^^ and /3 x Rj^ x R^^ . 
For every (x, ti, ^2) G AT x T x T, we have 

(idj; X Rsj X R^J o (a X R^^ x R^J o (id^; x R^^ x R3j-i(a;, ii, t2) 
= (idj; X Rsi X R^J o (a X R^^ x R^J(a;,ti - Si(a;),i2 - S2(a;)) 
= (ida; X Rsi X Rs^){a{x),ti - si{x) +^i{x),t2 - S2{x) +?/i(a:)) 
= {a{x),ti +^i(a:) - si{x) + si{a{x)),t2 + rii{x) - S2(a;) + S2(Q;(a;))), 



and it is clear that 



(/3 X ^2 X ■n2){x,ti,t2) = {P{x),tl -+ i2{x),t2+m{x)). 



As a{Xs^j) = l3{Xsj) and diam(Asj) < e/5, we have dist(a(a;), /3(x)) < e/5 for all x G A. 
Consider the distance between ti + — si{x) + si{a{x)) and ti + ^2{x). We get 



1^1 + ^lix) ~ si{x) + si{a{x)) - {ti + ^2{x))\ = \si{a{x)) - si{x) + ^i{x) - ^2(a;)|. 
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According to the definition of si, if x e Xg ^^^ (that is, x is on the roof), then 

h{s) 

si(-T)=5](6-6)(a-^'(2:))-Gi(.T) 

h{s) h{s) 

= 0. 

We know that si {a{x)) = as (a^''^*^)(a;) G J'STs^o- It is then clear that 

\si{a{x)) - si{x) + Ciix) - (2{x)\ =0 

if X is in the roof set. 

If X is not in the roof, in other words, for x £ X^^k with < k < h(s) — 1, we have 

si(a(2;))-si(x) = (6-a)(x)-%^. 

/i(s) 

As 01(0;) e [0 — |, 1 + j] for all x, and we have h{s) > 5/e for all s, it then follows that 
|si(a(x)) - si{x) + £_i{x) - ^2{x)\ < 2e/5 for ah x e X. 

Similarly, we have 

Ih + m{x) ~ ■52(2^) + S2{a{x)) - (^2 + '72(2^))! = \s2{a{x)) - S2(.t) + 771 (x) - 7?2(a;)| 

and 

\s2{a{x)) — S2(x) + 771 (x) — ?72(x)| < 2e/5 for aU x e X. 

So far, we have proved that 

dist ((id^ X x J o (a x R^^ x R,,J o (id^ x R^, x RsJ~\/? x R^^ x R^^) 
< e/5 + 2e/5 + 2e/5 
= e. 

As we can construct such conjugacy maps for all e > 0, it follows that a x R^^ x R,,^ is weakly 
approximately conjugate to /3 x R^^ ^ if is weakly approximately conjugate to 13. 

The "only if part. 

If a sequence of (Jn in Homeo(X x T-^) approximately conjugates a x R^^ x R,,^ to /? x R^^ x R^^ , as 
X is totally disconnected, we can write an as 7„ x tp, with 7„ € IIomeo(Ar) and (p: X ^ IIomeo(T^) 
being a continuous map. 

Let P: X X -> AT be defined by P{x, {ti,t2)) = x (the canonical projection onto X). We can 
easily check that 

P((cr„ o (a X R^i X R,,J o cr,7^)(x, (il,<2))) = (7„ OQ;0 77l)(x). 
As ((T„ o (a X R^j X R,,J o (7,7^) — /3 x R^^ ^ F''>)2 7 have 

P((cr„ o (a X R^i X R,,J o cr,7^)(x, (ti,i2))) — > P((/? x R^^ x R->)2)('2;, (^1,^2))), 
which then implies that 

(7„ o a o 7~^)(x) — > /3(x) for ah x S A. 

□ 
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From Lemma wc know that the if and only if condition for a x R^^ x R^^ and /3 x R^^ x R^^ 
to be weakly approximately conjugate is that a and /? are weakly approximately conjugate. 

One might be wondering whether we have weak approximate conjugacy between a x R^^ x R^^ 
and /3 x x R^^, can we expect to have the isomorphism between C*-algebras C*(Z, X x T x 
T,a X R^i X R,,J and C*{E,X x T x T, /3 x R5, x R,,J? 

Generally speaking, weak approximate conjugacy is not enough to imply that the corresponding 
crossed product C*-algcbras are isomorphic. Examples can be found in |Mlj . jLMlj and |LM3j . 
As guessed by Lin in |LMlj . if we strengthen the definition of weak approximate conjugacy (in the 
sense that those conjugacies will induce an isomorphism of K-data of these two crossed product 
C*-algebras), this might be equivalent to the isomorphism of two crossed product C*-algebras. 

That "strengthened" version of weak approximate conjugacy is called approximate K-conjugacy 
(see |Lin4| . |LMlj . |LM2| . jLM3| ). Before the definition of approximate K-conjugacy is given, the 
definition of asymptotic morphism will be given and a technical result needs to be mentioned. 



Definition 4.9. A sequence of contractive completely positive linear maps {ifn} from C*-algehra 
A to C*- algebra B is said to be an asymptotic morphism, if 

lim \\tfn{ab) — (/3„(a)(/3„(fe)|| — for all a, 6 G A. 

n— f 00 

Proposition 4.10. jLin4j 

Let (X, a) and (X, /3) be two dynamical systems. If there exists a sequence of homeomorphisms 
an - X ^ X such that lim„_i.oo dist((T„ o a o , l3) = 0, then for a sequence of unitaries {zn} 'in 
Aa with 

lim \\znjM) - jM)zn\\ = for all f £ C{X), 

n— ^00 

there exists a unital asymptotic morphism {<^^} from Afj to such that 

lim — Wq^^II = and 

lim \mjp{f))-jMo<^n)\\=0 

n^oo 

for all f e C{X). 

Proof. This is Proposition 3.1 in |Lin4| . □ 



Now we can give the definition of approximate K-conjugacy between two dynamical systems 
(X,a) and (X,/3). 

Definition 4.11. For two minimal dynamical systems {X,a) and (Y,/?), with X and Y being 
compact metrizable spaces, we say that {X, a) and (Y, /3) are approximately K-conjugate if there 
exist homeomorphisms an : X ^ Y , Tn : Y X , and an isomorphism 

p: K,{C*iZ,Y,P)) ^ K,{C*{Z,X,a)) 

between K-groups such that 

Cr„ O Q! O (J-^ /3, T„ O /3 O a, 

and the associated discrete asymptotic morphisms ipn - B ^ A and ipn : A B induce the isomor- 
phisms p and p~^ respectively. 
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Remark: According to Proposition I4.10[ the weak approximate conjugacy maps will induce 
asymptotic morphisms. But it is not generally true that the asymptotic morphisms will induce a 
homomorphism of Kq and Ki data. In Definition l4.11l those approximate conjugacies must not only 
induce a pair of homomorphisms between Ki{A) and Ki{B), in addition, these homomorphisms 
must be a pair of isomorphisms that are inverses of each other. 

For the classical case of minimal Cantor dynamical systems, it is shown in jLM3j that two Cantor 
minimal dynamical systems are approximately K-conjugate if and only if the corresponding crossed 
product C*-algebras are isomorphic. For the case of (X x T,a x R^), with a S Homeo(X) being 
minimal homeomorphism and ^: X — >■ T being a continuous map, similar results are obtained in 
Theorem 7.8 of pIT] . 

Based on Theorem 14.71 and Lemma 14.81 we will give an if and only if condition for approximate 
K-conjugacy between a x R^^ x R^^ and (3 x R^^ ^ ■ 

Theorem 4.12. Let X he the Cantor set. Let a, 13 € Homeo{X) he minimal homeomorphisms, and 
let Ci, ^2, ?y2 : A" — > T 6e continuous map such that hoth axR^^ xR,,^ and /SxR^^ xR,(2 are minimal 
rigid homeomorphism of X x T x T (as in Definition \2.20]) . Use A to denote the crossed product 
C*-algebra corresponding to the minimal system {X x T x T, a x R^^ x Rr;i), and B to denote the 
one corresponding to {X xTxT, (3 xR^^xR^j^). UseK°{X,a) to denote C{X,Z)/{f — foa~^ : /€ 
C{X,Z^)} andK°{X,l3) to denote C{X,Z)/{f - f o p-^ : f e C{X,Z^)}. 
The following are equivalent: 

1) [X X T X T,a X R^j x R,,i) and {X x T x T, /3 x R^^ ^ ^m) '^^^ approximately K-conjugate, 

2) There is an order isomorphism p: Kq{B) — > Kq{A) that maps K^(X,j3) to K^(X,a). 

Proof. 1) ^ 2) : 

If (X X T X T, a X R^j x R,,^ ) and (X x T x T, /3 x R^^ x R,,^ ) are approximately K-conjugate, accord- 
ing to the definition of approximate K-conjugacy (Definition I4.11|) . there exists a„ G Homeo(X x 
T X T) such that 

dist((T„ o (a X R^j x R,,J o x R^^ x R,,^) — > 0, 

and the discrete asymptotic morphism induced by {cr,i : n G N} will yield an isomorphism from 
K^{B) to K^{A). 

That is, there exists an isomorphism 

00 : (Ko(B),/fo(S)+,[lB],/vi(B)) ^ (ifo(A),A'o(A)+,[l^],/Ci(A)). 

Define (j) to be the restriction of 0o on L{.{){A). We just need to show that maps K^{X,I3) to 
K^{X,a). 

According to the Pimsner-Voiculescu six-term exact sequence (as in the proof of Proposition 
[2T9|) . we have 

{jpUC{X X T X T)) - A'"(X, /3) = C{X, Z^)/{f - f o a'^ : f e C{X, Z^)}. 

As a X R^j X R^j and /3 x R^^ x R^^ are approximately K-conjugate, for given projection p e 
Mac{B), there exists N £N such that for all m,n > N, we have [p o an] = [po <Jm] in Ko{A). 

It is obvious that [po an] G {ja)*{C{X x T x T)). Then we can conclude that the isomorphism 
p induced by the conjugacy maps will map K'^{X,/3) to I'C'^{X,a). 



2)^1) ■■ 

It is easy to check that 2) implies the following commutative diagram: 
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KoiB) ^ ^ Ko{A) 



{ja)*0 



K\X,P)— ^K\X,a) . 

P \kO{X.i3) 

According to Theorem 14. 71 the two minimal homeomophisms a x R^^ x R,,^ and /3 x R^^ x R^^ are 
C*-strongly flip conjugate. 

The map p above induces an order preserving isomorphism between K'^ {X, (3) (which is isomor- 
phic to C{X, l?)/{f — / o /3~^}, with order described as in Lemma Tl. lip and a) (which is 
isomorphic to C(X, l?)/{f — f o a~^}, with order described as in Lemma Fl.lip . Note that 

Ko{C*{Z, X, a)) ^ C{X, Z)/{g ~ g o a'' : g G C{X, Z)}, 

with 

Ko{C*{Z,X,a))+ ^ C{X,Z)/{g-goa-^: g e C{X,Z),g> 0}. 
It follows that there is an order isomorphism 

p: {K,{C*{Z, X, /?)), ifo(C*(Z, X, /?))+, [lc.(z,x,«]) 

^ (ifo(C*(Z, X, a)),KoiC*iZ, X, a))+, [lc*(z,x,a)]). 

According to Theorem 5.4 of jLM3j . {X,a) and {X^fi) are approximately K-conjugate. Thus they 
are weakly approximately conjugate. 

For any e > and any finite subset F C C{X x T x T), as /3 is minimal, we can find Kakutani- 
Rokhlin partition 

V = {X{s, k): s e S,l < k < H{s)} 

such that His) > for all s e S* and diam(X(.s, fc)) < — . 

e 16 
As C(X X Ti X T2) is generated by 

{Id, zi, Z2 : I? is a clopen subset of X, z,; is the identity function on T^}, 

without loss of generality, we can assume that 

^ ^ {'^x(s.k),zilx{s,k), Z2I x(s,k)- s e 5, 1 < fc < H{s)}. 

The fact that [X, a) and (X, (3) are approximately K-conjugate implies that there exist {cr„ € 
Homeo(X) : n G N} such that 

cr„ o a o > j3. 

By choosing n large enough, just as in the proof of the "if part of Theorem 14. 8[ we get 

(cr„ oao cr-l)(X(s, k)) = /3(X(s, k)) for s S 5, 1 < fc < H{s). 

Without loss of generality, we can assume that 

a{X{s, k)) = PiX{s, k)) for s e S*, 1 < fc < H{s). 

As in the proof of "if part of Theorem 14.81 there exist maps {idx x Rg^ x Rh„}neN such that 

(idx X Rg,^ X Rh„) o (a X R^^ x R,,J o (idx x Rg,^ x R^.^)^-^ — > {(3 x R^^ x Rr^a), 

with all the (;„ , ft,„ : X — > T being continuous functions as defined in the proof of Theorem 14.81 

We will show that the conjugacy maps {idx x Rg^ x R^^ : n G N} will induce an isomorphism 
between K^{B) and K^{A). 
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The idea is like this: We know that these two dynamical systems a x R^^ x R,jj and (3 x x R,;^ 
are C*-strongly flip conjugate. Thus there exists ipn- B — > A such that the following diagram 
approximately commutes: 



A 



JB 



3A 



C[X X T X T) — ^ C{X X T X T). 

As we had assumed that (without loss of generality) a{X{s,k)) = /3{X{s,k)) for s G S,k = 
1, . . . , H{s), the Xn in the diagram above satisfies 

dist(x,i(a:),.T) < diam(X(s, fc)) < e/M 

for X G X{s, k). In other words, restricted on C{X x T x T), Xn is close to the identity map. 

Note that {ipn} are isomorphisms and [V'n] = [V'm] in KL(B, A) for m, n large enough. If we can 
find Wn & U{A) such that f o an is close to W*^n{f)Wn in A, and W*'ipn{uB)Wn is close to UAZn 
in A, where z„ is a unitary clement that "almost" commutes with C(X x T x T), then it follows 
that the conjugacy maps {id^Y x R.g„ x R./i„ : n G N} will induce an isomorphism between K<,{B) 
and K^{A). 

The complete proof is as below: 

Let (?i , 32 J /i , /2 be as defined in the proof of Lemma 14.81 and let 

= {9i ■ ^x{s,k),fi ■ lx(s,fc) ■■ s e S,l < k < H{s)}. 

We can further divide a^^{X{s,l)) into the disjoint union of clopen sets Y{s,l), Y{s,2), . . ., 
Y{s,N{s)), and choose Xgj G Y{s,j) such that 

\fix) - /(x.jOI < e/16 for aU / G -Fi, 1 < j < iV(s), s G S. 
Let Gi, G2 be the same as the one defined in the proof of Theorem l4.8l That is, Gi is the lifting of 

h{s) h{s) 

9i{^) = 5^(6 G2 is the lifting oig2{x) = ^(772 - ?7i)(«"^'(«''^''"' W)), 

and Gi[x) G [0 — 1 + |;]. As both Gi, G2 are path connected to the zero function, it is clear that 

in Ki{A) for i = 1, 2 and fc = 1, 2. 
Let 

is^j : G(ly,_^. X T X T) ^ 1y^ , ■ A ■ ly^ ^ 
be the inclusion map. Let two homomorphisms 

A,,,, 5s,j : G(T2) G(ly,,^. X T X T) 

be defined by 
and 

(5,,,(/)(x,Zi,Z2) = idy^Jx) ■ /(Zi • e»2.Gi(x„,)/i/(.)^^^ . ^^2.G,i.^,,)/His)y 
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Consider the maps 

Lsj o As J, is,j o 5s,j ■ C(T^) — > 1y,_j ■ A ■ 1y,j- 
It is clear that these two maps are monomorphisms. 

By Proposition [2211 TR(A) = 0, and it fohows that TR(ly^^ • A ■ ly^ J = 0. 
As Gi, G2 are contractible, we can claim that 

o A,,,] - [is,j o 6s,j] in KL{C{T^), ly,,^. • A ■ ly^ J. 

For every/ G ly^ ^. -A-ly^^ , and for every tracial state r on ly^^. -A-ly^^ , consider T((;,s,joAsj)(/)) 
and r((tsj o(5sj)(/)). By Lemma 12 .41 we can regard ly^,-A-ly^ . as the crossed product C*-algebra 
of the induced minimal homeomorphism of Ys,j x T x T. As a x x is rigid, it follows that 
the traces on ly^ . ■ A - ly^ . also corresponds to such measures like ^xv, with v being the Lebesgue 
measure on the torus. 

Now we have 

r {{lsj o As,j)(/)) = T (idy(,j) ® /) 

= P^{Y{s,j))- f /((zi,^2)) dv 

= pi{Y{s,j))- /(^^.e'2.Gi(x.,,)/ff(.)^^^.g.2uG.(..„)///(.)^ j„ 
= T((t,jO(5,j)(/)). 

As TR(ly^ ^. • A ■ ly,,j) = 0, [tsj o ^s,j] = Vs,j ° Ssj] and 

r((t,,,oA,,,)(/))-r((t,,,o^,,,)(/)) 

for all T S T(ly^ ^. ■ A ■ ly^j)- According to Theorem 3.4 of |Lin3| . the two monomorphisms 
Ls,j o As J and t^.j o Ssj are approximately unitarily equivalent. Thus there exists a unitary element 
Vsj € ly^ j ' A ■ ly^ J such that 

\\vl^z,qs,jVsj - z,^e-^^^G,ix,,,}/His)-iy^ ^ ij ^ £/(ig^-) foj. aU s e 5, 1 < fc < iJ(s), 1 < j < N{s). 

N{s) 

Let lis = Us.j. As ys,i, ^s.2, ■ • ■ , ys,Ar(s) are mutually disjoint, we have 

< e/4. 

for aU / G J^i, s e 5. 
Let 

J'a =-^U {ly^^^,zan,,,^/la-i(x(s,i)): / e -7^1,5 e S*,! < fc < i?(s)}. 
As a X R^ X R,, is C*-strongly flip conjugate to a x R^ x R,,, for any 6 > 0, and for the 
J-2 C C{X X T X T), there exists a C*-algcbra isomorphism ij.': B A such that 

mjp{f))-Ja{m < S and muBrjMMuB)-Ja{fom < S for aH / e T2. 
Note that lx{s,k)j for s e 5 and 1 < fc < H{s), arc mutually orthogonal projections and add 
up to 1b, and {lx(s,k) ■ s £ S,l < k < H{s)} C J-2- According to the perturbation lemma |Lin2l 
Lemma 2.5.7], by taking S to be small enough, the fact that Wipijpif)) — ja{f)\\ < S will imply that 
there exists v G U{A) such that 
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and 

v*lx(s,k)V = lx{s,k) o P and \\v* Jv - / o /3|| < e/(4if) for all/ e ^2. 

H(s) 

Define = X/ X] lx(s,fe)" ''"s"''- Then we can check that 



sSS k=l 



H(s) ^ ^ \ H(s) 



.k 



w*w = E E ^xis,k)v-'v':u'' -EE ^xis'.k')v-'''v'::u 

\s£S k=l J s'eS k' = l 

His) 

= E E {^~''^7''v''lx{s.k)'i^xis,k)V~''v^;u'') 
ses k=i 

His] 

ses k=i 

His] 

= E E 

ses k=i 

His) 

= E E ^aH'^-Hxis,!))) 
ses k=i 

His] 

= E E ^xis,k) 

ses k=i 
= 1a. 

As TR{A) = 0, we have tsr(^) = f. Thus W*W = 1^ implies that WW* = 1a- So far, it 
checked that is a unitary element in A. 
As 

Uv'^rzJ{x)l^-r^xis,i))v's - ;^e-2-'^«-(-)/^(^)/(x)l„-i(x(.,i))ll < e/4 

and 

\\v*fv - fo/3\\< s/{AK) for aU f (z T2 and for aU / e ^"2, 

we have 

/ His,) Y ( 

\sies fei=i y \s2es k=i 

His,) \ / ff(s2) 

E E Uax(s,.) E E 

.siSS fei=l / \s26S k2 = l 

u-''v-''v''lxis.k)Ztlxis,k)'^x,,,v-''v^,u'' 
u-^v-''v''{zdxis,k))v-^v^^u^ 

e/HK) U-^V-'' {{zdxis^k)) o li^) v'^u'' 
e/(4K)+£/4 {zlxis,k)) o tr, 
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where 

t2 + {a^-'irH^))) - VI {r'{x))j - kG^[x)/H{s) 

for X € X(s, k) with s £ 5 and 1 < A; < H{s). 
Then it fohows that 

\\W*zdx(s,k)W - {zdx[s,k)) o <7|| < K{e/^K) + e/4 < e. 

Similar to the proof of Theorem 14. 8[ we have 

dist(cr o (a X R^^ x R,,Jcr^\^ x R^^ x R,,^) < e. 

Consider the map adM^ o -0, we have that 

II (adM^ o V)(j/3(/)) - jM o<j)\\<e + 5. 

If (adW o -0) maps ub to ua ot ua ■ y such that \\yf — fy\\ < e for all f G then it follows 
that the K-map induced by approximate conjugacy map a (restricted to J-) will coincide with 
[adWo^] e KL{B,A). 

In fact, we can check that 

W*v*Wzilx(s.k)W*vW su*AZilx(s,k)UA, 

which then implies that \\yf - fy\\ < e if we define y = u\{W*vW) e U{A). 
As 

(adM^ o ij){uB) = WiP{ub)W ^e/iwK^) W*vW = UAy, 
we may claim that the K-map induced by approximate conjugacy map a (restricted to J-') will 
coincide with [adM^ o t/j] e KL{B, A). 

As C(X X T x T) is separable, by taking T to be large enough and £ — >■ 0, it follows that the weak 
approximate conjugacy map a will induce an isomorphism from Ki[B) to Ki(A), which finishes the 
proof. □ 
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